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ABSTRACT: In this study, we investigate the dynamical behavior of a fractional-order delayed predator-prey system
with Holling-II type functional response modeled by fractional-order delay differential equations. Initially, the Laplace
transform technique is employed to establish the boundedness of solutions in the absence of time delay. The existence
of solutions is then rigorously established using the zero-point existence theorem, followed by an analysis of the local
stability properties of equilibrium points. By treating the time delay as a bifurcation parameter, we derive explicit
conditions for the occurrence of Hopf bifurcation, demonstrating that the system loses stability and generates a family
of periodic oscillations as the delay parameter crosses critical threshold values. Finally, numerical simulations are
conducted to validate the theoretical results: specific parameter configurations are selected, and different fractional
orders alongside varying delay magnitudes are systematically explored to corroborate the analytical findings.
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INTRODUCTION

The predator-prey relationship constitutes a founda-
tional theme in ecology and applied mathematics,
characterizing a fundamental ecological interaction
marked by reciprocal dependence and constraint be-
tween species. This dynamic not only governs species
survival and proliferation but also dictates the stability
and evolutionary pathways of ecosystems. Through
mathematical modeling, researchers rigorously ana-
lyze the dynamic equilibrium between these popula-
tions and the influences of diverse factors on this bal-
ance. The Lotka-Volterra (L-V) predator-prey model,
initially formulated in the 1940s by ecologist Alfred
Lotka [1] and mathematician Vito Volterra [2], for-
malizes trophic interactions, serving as a cornerstone
for interspecific competition theory. Subsequent the-
oretical advancements include Yiizbas1 [3] investiga-
tion of discrete time-delay effects in L-V systems and
Ma et al [4] analysis of predator intraspecific interfer-
ence, illustrating the model’s adaptability to complex
ecological scenarios.

The classical L-V model, while foundational for de-
scribing ecosystem dynamics, is inherently constrained
to pairwise species interactions, a simplification that
starkly contrasts with the intricate multispecies inter-
dependencies characteristic of natural ecological sys-
tems. Moreover, its reliance on integer-order differ-
ential equations proves inadequate for capturing criti-
cal biological phenomena-such as memory effects and
hereditary traits-that manifest as historical state de-
pendencies in population dynamics. To bridge this gap

and enhance predictive accuracy, researchers have pro-
gressively refined mathematical methodologies, most
notably through the integration of fractional calculus
into predator-prey modeling frameworks.

Fractional derivatives, distinguished by their non-
local properties, offer a robust framework for encoding
memory effects, as they inherently incorporate the
system’s historical behavior via integral operators of
non-integer order. This feature enables fractional-
order models to more faithfully represent the histor-
ical dependence of population trajectories compared
to their integer-order counterparts. Empirical imple-
mentations include Ma’s [ 5] delayed reaction-diffusion
model, which investigates competition between two
predator species for a shared prey, and Bi et al [6]
fractional-order system with cross-diffusion and herd
behavior, designed to analyze three-dimensional pat-
tern formation. Concurrently, higher-dimensional
extensions-such as Das’ [7] three-dimensional model
exploring predator odor-mediated interactions, where
competitor species are negatively impacted while prey
populations benefit-have expanded the L-V paradigm
to accommodate emergent ecological feedbacks. Sub-
sequent studies [8-10] have further elaborated on
these multi-dimensional frameworks, enhancing their
capacity to reflect real-world complexity. The model’s
utility extends beyond ecology, finding applications in
economics [11, 12], biomedical engineering [13], and
social dynamics [14, 15], where its foundational prin-
ciples inform the analysis of interdependent systems
across disciplines.

A further limitation of the conventional L-V model
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lies in its reliance on linear functional responses
to characterize predation dynamics, a simplification
that diverges from empirical observations of sophis-
ticated nonlinear feeding behaviors in natural sys-
tems. Functional responses-defined as the relationship
between prey density and individual predator con-
sumption rates-are central to predator-prey modeling,
with Holling-type formulations emerging as a standard
framework for capturing nonlinearity. For example,
Kumar et al [16] analyzed a system featuring coexist-
ing predators with divergent responses: one exhibiting
a linear functional form and the other a Holling-II
response, revealing differential impacts on prey stabil-
ity. Rihan [17] extended this to fractional-order de-
layed systems with Holling-III responses, incorporating
infectious disease dynamics in predator populations,
while Wang [18] explored Holling-IV formulations.
Studies integrating Beddington-DeAngelis responses
[19,20] have demonstrated that functional response
specificity profoundly influences system stability and
oscillatory behavior.

Beyond response types, researchers have inte-
grated additional ecological mechanisms—including
prey refuges, harvesting practices, disease transmis-
sion, and fear effects [21-27]—into predator-prey
models. These extensions not only enrich the the-
oretical landscape but also enhance the realism of
mathematical representations, enabling more accurate
simulations of natural systems. Collectively, such ad-
vancements address the classical L-V model’s simpli-
fications, fostering a more nuanced understanding of
population dynamics that accounts for historical mem-
ory, multispecies interactions, and nonlinear trophic
relationships.

Building on the foundational work of previous
studies, this paper aims to investigate an enhanced
three-dimensional fractional-order delayed predator-
prey model derived from the L-V framework, where
a Holling-II functional response is employed to char-
acterize the trophic interaction between one predator
and its prey. The model is motivated by a real-world
ecological scenario in the Arctic tundra: lemmings-
highly fecund rodent prey-support Arctic foxes, which
exhibit a Holling-II functional response due to their
specialized reliance on lemmings. Snowy owls, con-
versely, represent generalist predators with a broader
diet and prey-switching behavior, introducing interspe-
cific competition with Arctic foxes for shared lemming
resources. This multi-species interaction exemplifies
the model’s capacity to capture complex ecological
dynamics, rendering it an ideal candidate for exam-
ining the effects of time delays and fractional-order
dynamics on population fluctuations, such as cyclic
oscillations and outbreak patterns in lemming popu-
lations.

The main contributions of this paper are as fol-
lows: (1) For the first time, a delayed fractional-
order predator-prey model incorporating two compet-
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ing predators and a Holling-II functional response is
established, with a focus on how fractional-order prop-
erties and time delay influence the systems dynamic
behaviors. (2) The inclusion of competition between
two predators (both preying on a single prey popu-
lation) represents a distinctive feature of this study.
This setup aligns closely with real-world ecological
scenarios and offers a more precise portrayal of the
complex dynamics exhibited by interacting species in
nature. (3) A detailed Hopf bifurcation analysis of
the proposed fractional-order delayed system is con-
ducted, clarifying the conditions under which bifur-
cations occur. (4) By treating predator digestion de-
lay as the bifurcation parameter, we investigate the
effects of both this delay and the Holling-II functional
response on the stability of the fractional-order system.
This analytical approach enables the identification of
rich dynamic behaviors of the system, providing key
insights into its nonlinear dynamics.

THE MODEL AND PRELIMINARIES

In [28], the authors investigated the following L-V
predator-prey model with time delays

X;(t) = X1(t)[r1(f)_a11(f)xl(t —111(t))

— a5 (0)x(t = T15(1)) — ays(0)xs(t = T15(0)) ],
x(t) = Xz(f)[_rz(f) + ay (£)x, (t — 75, (1))

— gy (£)x5(t = T25(£)) = @y ()3 (t = T35(1)) ],
x,(t) = Xs(t)[_rs(f) + az, (£)x, (t — 75, (1))

—a32(t)x2(t—T3Z(t))—a33(t)x3(t—’r33(t))],

where x;(t) represents the density of the prey species
at time t, while x,(t) and x5(t) represent the densities
of the predator species at time t. Leveraging Krasnosel-
skii’s fixed-point theorem and constructing a Lyapunov
function, the authors derived a set of readily verifiable
sufficient conditions for the existence of solutions.

In [16], the authors investigated a Caputo fractal-
fractional ecological model featuring one prey species
p(t) and two predator species x(t) and y(t), formu-

lated as:
c _ alp(t) _
Dix(t) = x(t) (—1 T bp(0) d1) s
‘Diy(t) = y(t)(app(t)—dy),
CDIp(t) = ey ap®x()
Dip(t) =p(t)(1—p(t)) 1+ bp(0) a,p(t)y(t),

where x(t) represents a nonlinear predator (character-
ized by a Holling-II-type functional response) and y(t)
denotes a linear predator (exhibiting a direct propor-
tional feeding rate). The study focused on establish-
ing the uniqueness and existence of solutions under
fractional-order dynamics. Additionally, bifurcation
diagrams and phase portraits were employed to nu-
merically characterize the system’s behavior, providing
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Table 1 Biological meaning of the parameters in system (1).

Parameter Biological Interpretation

a Half-saturation constant for prey consumption by predator y(t).

b, Intrinsic birth rate of the prey population.

b, Density-independent mortality rate for predator y(t).

by Density-independent mortality rate for predator z(t).

apn Self-regulation coefficient (intraspecific competition) for the prey.

ao Searching efficiency or attack rate of predator y(t) on the prey.

a3 Searching efficiency or attack rate of predator z(t) on the prey.

as Conversion efficiency of prey biomass to offspring for predator y(t).

[ 2% Intraspecific competition coefficient among predator y(t) individuals.
Qg3 Competition coefficient between predators y(t) and z(t).

as; Conversion efficiency of prey biomass to offspring for predator z(t).
asy Competition coefficient between predators z(t) and y(t).

ass Intraspecific competition coefficient among predator z(t) individuals.
T Time delay representing predation lag or digestive processing time.

insights into its dynamical responses across parameter
spaces.

In the interdisciplinary domains of dynamical sys-
tems and ecology, differential equations serve as in-
dispensable tools for modeling population dynamics
and interspecies interactions. By leveraging fractional-
order calculus, these models offer a more precise rep-
resentation of systems exhibiting memory effects and
hereditary properties-features inherent in biological
populations-while time delays explicitly account for
the delayed impacts of trophic interactions, such as
predation lag or reproductive timing mismatches. Over
the past few decades, a substantial body of research has
been dedicated to the dynamics of fractional-order dy-
namical models. For relevant studies, reference may be
made to Refs. [29-35] and the references cited therein.
In addition, in the current research on predator-prey
systems, most existing achievements focus on single
or dual-factor combinations such as “integer-order +
ratio-dependence”, “fractional-order + no delay”, or
“integer-order + delay” (for example, Ref. [28] only
analyzes the stability of integer-order systems without
ratio-dependence, and reference [16] only discusses
the dynamic behavior of fractional-order predator sys-
tems without delay). However, the “dynamic analysis
of systems coupling fractional-order, delay, and ratio-
dependence” remains a direction to be breakthrough.

Building on prior research and theoretical ad-
vancements in fractional ecology, this paper integrates
these three key factors (the “memory” characterized by
fractional-order derivatives, the “lag effect of popula-
tion interaction” reflected by delay, and the “nonlinear
dependence of predators on prey density” embodied by
ratio-dependence) into the same predator-prey model
for the first time. This model is more in line with
the actual scenario of “multi-factor joint action” in
real ecological systems, forming a core system frame-
work that is distinct from existing studies. Moreover,
the time-delayed fractional-order predator-prey model
proposed in this paper is constructed to capture the

intricate interaction dynamics among three coexisting
species. Thus, the proposed model is formulated as
follows:

(O =x(0)(br—an (O~ (1),
ay x(t—7)

“Diy()=y ()~ b, + —ayy(D—azz(0)), D

a+x(t—r)
“D5(6)=2(¢)(— by + a5 x(£) — 45y () — aza3(1)),

with initial conditions:
x(0)>0, y(0)>0, z(0)>0.

In system (1), x(t) represents the population density
of the prey species at time t, and y(t) and z(t) repre-
sent the population densities of two distinct predator
species at time t. Specifically, we postulate that the
predator y(t) exhibits a non-linear predation behavior
characterized by a Holling-II functional response. In
contrast, the predator z(t) demonstrates a linear pre-
dation pattern.

The following Table 1 is an academically refined
version of the parameter table, adhering to formal
scientific notation and terminology.

Now, we introduce the definition and fundamental
properties of the Caputo derivative, concepts that will
be invoked in subsequent analytical developments.

Definition 1 ([29]) The Caputo derivative is defined
by:

‘Dif(t)= F(m;—q) f (t—s)m 01 Fm(5) ds,
0

where m—1 < ¢ < m for some m € N, and I'(-) denotes
the Gamma function, mathematically characterized as:

I'a) = J e vyl dv.
0
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The Laplace transform of the Caputo fractional-order
derivative is given by:

n—1
£ {DUf(t);5} =sTF(s)— | sT 1 f(0),
i=0

where F(s) = £{f(t)} represents the Laplace trans-
form of f(t). In the specific case where the initial
derivatives satisfy f0(0) =0 foralli =0,1,...,n—1,
the transform simplifies to £ {°DIf (t)}, = sIF(s).

Theorem 1 ([29]) For any positive real numbers ¢ >
0 and d > 0, and K € C™", the following Laplace
transform relation holds:

c—d

1
—. for Re(p)> [IKII%,

L{t"E 4 (Kt)} =

p
p¢

where Re (p) denotes the real part of the complex number
p, and E_ 4 represents the Mittag-Leffler function, which

is defined as E, 4(z) = > T

n=0 T'(cn+d)"

Theorem 2 ([29]) Let us consider the following
fractional-order system:
Dix(t)=f(x), x(0)=x,

where q € (0,1) and x € R". The equilibrium points
of this system are determined by the solutions of the
equation f (x) = 0. An equilibrium point of the system is
said to be locally asymptotically stable if, for the Jacobian

matrixJ = % evaluated at this equilibrium point, all its

eigenvalues A; satisfy the condition |arg()\j)| > L=

THE EXISTENCE, BOUNDEDNESS AND
NON-NEGATIVITY OF THE SOLUTIONS

In this section, we investigate the properties of sys-
tem (1) under the condition of T = 0. Firstly, we
discuss the existence and uniqueness of solutions for
the model (1). Relevant studies on the existence
and uniqueness of solutions for delayed predator-prey
models can be found in [36-38].

Theorem 3 System (1) admits a unique solution for all
non-negative initial conditions.

Proof: In order to prove the theorem, we con-
sider a region ¥ x (ty,,T), T < oo, where ¥ =
{Cx,y,2) € R®,,max(|x|,|y|,|z])=M}. Then, we
consider a map

F(X) = (F1(X), F5(X), F3(X)),

where X = (x,y,2) and X = (%,7,2),

Fy(X) = x(t) (b, — @y x(6) — 72205 — a55(1)),
Fo(X) = y(t) (—by + 253 — ),y (6) —aya2(1)),
F3(X) =2(t) (—b3 + az; x(t) —azy(t) —assz(t)).
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For any X,X € ¥, we have

3
IFC)—F()I = |F.()—F(X)|
i=1

= )x(bl—a11 x—%—amz)—[x(bl —a; X— ?g—améﬂ ‘

+ ’}'(_bz"‘ Z_lj_azz}'_amz)_[y(_bz"‘ %_azzy_azsg)]

+2(bstaz X—a35 Y —A332)—[3(bstas X—a3,y—az;7)]|

Ay +ap,)(Ma+M? R
<[b1+(a31+2a11+a13)M+( e 1231(2 )]|x—x|
(ay+ap)(Ma+M?) . _
+[by+(asy+2ay,+ays )M+ 21 lzaz lly—7|
+[by+(as; +2a33+a;3+0y3+0a3,)M)]|2—2|
<ULIFX)—FE)II.
where
a-1+a Ma+M2
t= max{b1+(a31+2a11+a13)M= (A 12)(2 )’
a
Aoy +aq0)(Ma + M?
by + (asy +2a55 + ax)M + (az 12)(2 )’
a

b3 + (a31 + 2(133 + a3 + aos3 + agz)M}.

Thus, F satisfies the local Lipschitz condition, thereby
implying that the theorem holds. o

Next, we present the boundedness and non-
negativity of the solutions for system (1).

Theorem 4 All solutions of system (1) are uniformly
bounded within the domain {, which is defined as:

2

4 +£,£>0}.
a1 K

O0<x+y+z<

¢= {(X,y,Z) ER}

Proof: Let us define the function:
R(t) = x(t)+y(0) +=(0). 2

Applying the Caputo fractional derivative to the
above defined function (2), we obtain:

DIR(t) = DIx(t) + DIy (t) +°DI%(t)

=50 b= ax(0- 20— o)
# (0 by 2T - ey (0)-asto)

+2(t)[—bs + as; x(t) —az,y(t) —assz(t)]
< blx(t)—allxz(t)—bzy(t)—azzyz(t)—bgz(t)—a%zz(t).
If A =min {b,, bs}, by = b; +A, then the following
formula is valid:

CDINR(t) + AR(t) < byx(t) —ap  x3(t)

_ b, B B
——Clu[x(f)—m] +m\m. 3)
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Applying the Laplace transform to Eq. (3), and denot-
ing F(s) = Z{R(t)}, we derive the following inequal-
ity:

2

b
sIF(s)—s9'R(0) + KF(s) < ——.
4a,:s

From the above inequality, we can deduce that

5171 b2
F(s) < 21(0) + .
s14+K  4a;;s(s1+K)

By taking the inverse Laplace transform of both sides
of the above inequality, we obtain
1 s4—(g+1)
LT —.
s1+K

q-1 b2
R() <RO)L ] Ly 2
s1+K 4a;,;

Leveraging Theorem 1, we arrive at
2

b
R(t) < R(0)E,, {—Kt1} + ﬁtwq,qﬂ {—Kt9}.

According to the properties of the Mittag-Leffler func-
tion, we have

Equivalently,
q o =1 q
t9E, 441 {—Kt9} K[Eq,l{ Ktl}—1].

Consequently,

2

b4
R(t) < {SR(O)— o
11

2

E,, {—Kt9} 3
thy+ .
o1 4a;,K

Given that E;; — 0 as t — 00, all solutions of sys-
tem (1) are uniformly bounded within the region

b3
g

c={(x,y,z)eRi +s,s>0}.

O0<x+y+z<

This concludes the proof. O

Theorem 5 All solutions to system (1) are inherently
non-negative for all time t = 0.

Proof: From the first equation of system (1), we have

d—xqzx(b —a X—M—a z)
dt R at+x )

Again from Theorem 4, we have

2

4 _kl'

R(E)=x(t)+y(t)+2(t) < 2a,K =

Then from the above equation, we have

sz(b —ayx— 22V g z)
dt T gex B

2 x [by —(ay; +ayp + a3k ] = x65,

where,
01 ="by—(ay1 + asp +az3)k;.

Now, according to the standard comparison theorem
for fractional-order system (1) and the positivity of the
Mittag-Leffler function E,;(t) > 0 for any q € (0,1)
[39], we have

x(t) 2 x(0)E,; (6,t1) = x(t)=0.

Using a similar technique, we can establish that y = 0
and z = 0. Consequently, all solutions to system (1)
are non-negative. a

STABILITY OF EQUILIBRIUM POINTS

In this section, we investigate the existence and lo-
cal asymptotic stability of equilibrium points for sys-
tem (1). The equilibrium points are characterized as
follows:

Theorem 6 The trivial equilibrium point E, = (0, 0,0)
does not exhibit local asymptotic stability.

Proof: The Jacobian matrix of system (1) evaluated at
the trivial equilibrium point E, is given by:

b, 0 0O
JO = 0 _bz 0 (4)
O O _b3

with characteristic equation
(A=b1)(A+Dy)(A+Db3) =0,
and the eigenvalues of (4) are
Ay =by,

Ay=—b,y, As=—bs.

It is straightforward to demonstrate that

larg(A;)|=0< %, |arg(AZ,3)| =n> %

Thus, the trivial equilibrium point E, fails to exhibit
local asymptotic stability. The proof is complete. O

Theorem 7 The  coexisting  equilibrium  point
E, = (x*,y%,2") exhibits local asymptotic stability
under the satisfaction of Hypotheses 1-5:

Hypothesis 1. M > 0.

Hypothesis 2. a;;Q—aN < 0.
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Hypothesis 3.

*
dp3d33X ( ds1 _ a3 ) >0
2033 — dp303z \ o3 (@ +x*)  as;

Q+

Hypothesis 4.

bsa,,—b,a Ayylgy X * a a
322 2432 22+32 21 31
+ — |>0.

Ay3037—AppA33  Gp3d3p—dyydzs \ Oy (A+X*)  agy

Hypothesis 5. B; > 0, B, > 0, B; > 0, A; > 0, where

A12[31 1

33 Bz ],A2:B3A1.

Proof: By solving system (1), it can be shown that x*
satisfies the following relation:

Mx*® +(P+2aM —N)x*?
+(D+a®*M —2aN +aP +a;,Q) x* +a;,aQ —a*N =0,

where
bsyazy—bya
M=aq..— 13032031 N=b,—a 302202032
11 aya3,—0a,033° b b1 13 ay3a3,—az,a33°
— — _03d33—D50d33 — 312091433
P =aj3a3,—ay3a3;, Q= D=

Q2203303037 Q22A33— 023032

We now formulate an equation involving x*:

f(x*)=Mx*+(P+2aM —N)x*
+(D+a’M —2aN +aP +a;,Q) x* + a;aQ — a®N.
Under the satisfaction of Hypotheses 1-4, we have
lim f(x*)> 0 and f(0) = a;,aQ —a®N < 0. By the
X—0Q0
intermediate value theorem, there exists a positive so-

lution x* > 0. Consequently, the coexisting equilibrium
point E, = (x*, y*,2*) exists, where

yr=Q+ dy3033X" ( [ _ @)
Qgglzs —Aylsy \ Ay (@ +X*)  az )’
- byas,—b,yaz, + App03 X" ( [ _&) )
Ap3037—ppQ33  Gy3dzpy—0ypdzs \ App(@+X*)  ag,

The Jacobian matrix of system (1) evaluated at the co-
existing equilibrium point E, is presented as follows:

kiv kg ki
Jge = kor  kop ko 5
kg1 ksy  kss
where
— _ % aplatx*)y*—appxty* *
kiy= by 2*61113( o - E— ( alB)Z E )
_ Q12X _ * _ ay(atx)y*—anxy
kip= Tt kiz= —di3X, kyy = = (atx) >
— * any” *
koo =—by —2agy" + i — 237",

p— * — * —_ *
kos=—ag3y", k31 = as12", k3y = ag,z”,
_ * * *

k33— _b3 +a31x _a32y _2a33Z .
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Consequently, we get the characteristic equation, and
it takes the following form:

A +BjA%2+ByA+B; =0, (5)
where

By = —ky1 —kay —kss,

By = kyykgg + kookss + kyy ks —kigka —kiskss,

Bs = —ky1kgykss + kigkyr kaz —kyakasks

—kyskaykag +kqzkaoks; .

Finally, by applying Hypothesis 5 and the Routh-
Hurwitz criterion, we demonstrate that all eigenvalues
of the characteristic Eq. (5) have negative real parts.
Thus, the coexisting equilibrium point E, exhibits local
asymptotic stability when 7 = 0. The proof is com-
plete. a
HOPF BIFURCATION
To facilitate analytical tractability, we introduce the
following transformation:

x=u+x*, y=v+y*, z=w+z".

System (1) is then transformed into:

“Dix(t) = (u(t) +x") [ by —ay; (u(t) + x7)

ap, (v(t)+y*) *
Tatui—m)ror G (w(t) +2 )},

— a3 (V(O)+y") =y (w(6) +27) |,
‘Diz(t) = (w(t) +2%) [ — by +as; (u(t)+x*)
— g, (V(£) + y") =gy (w(£) +27) |
Thus, we derive the following result:

“Du(t) = hyqu(t)+hyv(t)+hsw(t)+pgu(t—1),
DW(t) = hyv(t)+hyaw(t)+pyu(t — 1), (6)
‘DIw(t) = hyyu(t)+hsyv(t)+hgw(t),

where
hi; = by —ayx* —ay32", hyp =— T2 » bz =—ag3x%,
a+ x*
hay =—=by—2agy" —ay33", hys = —Ay3Y", hy; = az 2",
hsy = —a3,2", hy3 = —bs + a3 X" —ag,y" —2a332",
_ apx*y” _ any*
Pu=-— ot P21 = Tt

Using the Laplace transform on Eq. (6), where
LW(t)) =U(s), £(v(t)) = V(s), £(w(t)) = W(s), we
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can get

s1U(s) —sT'u(0) = hy  U(s) + hy,V(s) + hysW(s)

0
+p1; e’“(U(s) + J

—-T

51V (s) —sTv(0) = hyp V(s) + hys W(s) )

0
+ Py e‘“(U(s) + J

e‘“u(t)dt),

STW(s) =59 'w(0) = hy  U(s) + hzy V(s) + hys W(s).

e*“u(t)dt),

The characteristic equation associated with Eq. (7) is
given by:

s9—hy—ppe”"  —hy, —hys
|A(s)| = —pg e sl—hy,  —hy | =0. (8)
—h3 —hg,  s1—hg
The Eq. (8) can be reformulated as follows:
I1(s)+(s)e™ =0, 9

where

T1(5) = 5% = (hyy +hyy +hyg) s

+ (h11hyy + hithss + hyshas —hyshs —hoshsy)s?

+ (hyyhoshsy + hishyshsy —hyghyshss —hyshashs),
Ty(s) = —p118 + (Prihas + Prihas — Parhi) s

+ (P11hashss + Parhishss — Prihashss — parhishs,),

denote as

Iy (s) = 537 4+ m;524 + mysd +ms,

y(s) = mys® + mgs? + mg.

Suppose the pure imaginary root of Eq. (9) iss =
iw (w > 0). Substituting s = iw into Eq. (9), we derive
the following by equating real and imaginary parts:

(iw)% 4+ my (i) + m, (iw)? + m,
+ (m4(iw)2q +mg(iw)? + m6) eiDr =,
This implies

w3q( cos 2% +isin 3‘17”) + my;w?(cos(qm) +isin(qm))

+ mzwq(cos L +isin %) + my +m,(cos(qm) +isin(qm))

x (cos(wt) —isin(wt)) + ms (cos & +isin L)

x (cos(wt) —isin(wt)) + mg(cos(wt) —isin(wt)) = 0.

Separating the resulting expression into real and imag-
inary components, we obtain:

E; cos(wt)+ Fy sin(wt) = —E,,
F; cos(wt) — E; sin(wt) = —F,,

where

Ey = mycos(qn) +ms cos (L) + mg,
3
E, = w? cos == + myw?? cos(qm) + myw? cos L +my,

Fy = mysin(qm) + mssin (%),

qm

= w3 sin 34" 24 gj a4 gin &
F, = w*sin =~ + myw*sin(qn) + myw?sin 5-.

We obtain:
E\E, + FF,
cos(wt) = ————= = g,(w),
(o) = == = i)
. E\F,—E;F,
sin(wt) = ————— = g,(w),
(we) = = = 8

using the identity sin?(wt) + cos®(wt) = 1, we derive
the following relationship:

giw)+gi(w) =1,

where g;(w) = cos(wt). Solving for the time delay
from the argument of the cosine function, we obtain
the family of solutions

70 = %[arccosgl(w)+2kn], k=0,1,2,...,
where k indexes the infinite sequence of periodic solu-
tions arising from the periodicity of the cosine function.

To identify the critical delay threshold at which
a Hopf bifurcation may occur, we define the minimal
positive solution from this family as:

to=min{t® |k e Ny},

where N, = {0,1,2,...} denotes the set of non-
negative integers. This value 7, represents the smallest
delay parameter for which pure imaginary roots exist,
serving as the bifurcation threshold for the emergence
of oscillatory behavior in the system.

To characterize the conditions under which a Hopf
bifurcation arises, we posit the following necessary
Hypothesis.

. XY +X,Y, .
Hypothesis 6. W # 0, where the expressions for

X;,Y; (i=1,2) are defined in Eq. (10).

Theorem 8 Let s(7) = a(t) + in(t) denote the root
of (9) such that near the critical delay © = 7,, it
satisfies a(ty) = 0 and n(ty) = 1y, where ng > 0 is
the angular frequency at the bifurcation point. Under
these conditions and the satisfaction of Hypotheses 6, the
transversal condition

Re[E]
dt

is satisfied, ensuring that the eigenvalue crosses the imag-
inary axis with non-gero speed as T varies through 7.

£0

(T=Tq,w=wy)
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Proof: To verify the transversality condition for the
Hopf bifurcation, we take the derivative of both sides
of the characteristic Eq. (9) with respect to the delay
parameter 7. This yields

T{(s) & +Ty(s) e —Thy(s) & e —sTy(s)e ™" =0,
simplified to

E . shy(s)e™"
dr ~ T](s)+Ty/(s)es™ —7Ty(s) e’

By Hypothesis 6, we obtain

ds1 XY, +X,Y,
Re| — [= ————F=— #0,
[ dr ] Y2+Y} 7

where

Xy =Re[T; (iwg) e ™0™0iw, |,

X,=Im |:l"2 (iwg) e oo iw0] ,

Y, =Re[[] (iw,)+T;(iwg) e ™0%0—Ty(iwg) e ™07z,

Y,= Im[I‘l’ (iwp)+T; (iwg) € ™07 0—Ty(iw,) e 070 To].

(10

O
Based on Hypotheses 1-6, the following results
can be established for system (1).

Corollary 1 If Hypotheses 1-6 are all satisfied, the fol-
lowing conclusions can be drawn:

(@) If T €[0,7,), then the E, of system (1) is asymp-
totically stable.

(i) The E, of system (1) is unstable when © > T,

(i) If T = 7, then system (1) undergoes a Hopf bifur-
cation.
NUMERICAL SIMULATIONS

In this section, numerical simulations are conducted
to validate the theoretical results derived in preceding
sections. Additionally, the influence of the fractional
order on the bifurcation onset is systematically ex-
plored. Consider the following parameter values:

a=0.5, b; =2, b, =0.32, by =0.4, a;; =0.9,
a;, =0.75, a;3=0.5, a,; =1.375, a,, = 0.2,
ay3 = 0.3, a3; =0.24,a3, = 0.35,a5; = 0.3.

(11)

Direct computations confirm that Hypotheses 1-5
are satisfied, and the existence of the coexisting equi-
librium point E* = (x*, y*,2*) = (0.653,2.134,0.234)
is rigorously established. The initial conditions are
set as (x(0), y(0),2(0)) = (2.00,3.00,2.00). We now
investigate the effects of key system parameters on the
dynamical behavior of the system.

Case 1: The influence of fractional orders on the
stability region is analyzed.

www.scienceasia.org
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We set T = 0 and initially examine the impact of
the fractional order on the convergence rate of the so-
lution towards the equilibrium point. Fig. 1 depicts the
oscillatory characteristics of the solutions within the
fractional-order system for various fractional orders.

Fig. 1 demonstrates that the oscillatory character-
istics of the solution become more pronounced as the
fractional order increases. When the order increases
from 0.85 to 0.95, the amplitude and frequency of
oscillations intensify significantly, thereby illustrating
the critical role of the fractional order in modulating
the stability region of the system.

Fig. 2 illustrates the local asymptotic stability of
the system’s equilibrium point across different frac-
tional orders. Where Figure 2(a) and (b) for the orders
q = 0.85; Fig. 2(c,d) for the orders ¢ = 0.90, Fig. 2(e,f)
for the orders ¢ = 0.95, Fig. 2(g,h) for the orders g =
0.99.

Remark 1 When g = 1.00, the fractional-order sys-
tem reduces to an integer-order system. Given that
the fractional-order system exhibits instability at ¢ =
0.99, the integer-order counterpart is necessarily un-
stable in this scenario. This observation highlights
that the stability region of the fractional-order sys-
tem is significantly broader than that of its integer-
order counterpart. From a biological perspective,
this phenomenon can be interpreted as follows: the
population dynamics incorporate a “memory effect”,
where historical behavioral patterns (analogous to the
fractional-order system’s past-state dependence) influ-
ence current interactions. This memory characteristic-
intrinsic to fractional-order modeling-reflects how ani-
mals leverage cumulative past experiences to modulate
present behavior, which in turn provides a evolutionary
advantage by promoting long-term species stability
and adaptability.

Case 2: The influence of time delays on system stabil-
ity and the occurrence of Hopf bifurcation is analyzed.
In this section, we employ the time delay T as
the bifurcation parameter to investigate the stability of
the equilibrium point E* and the occurrence of Hopf
bifurcation with respect to 7. Setting the fractional
order g = 0.90, we derive the critical bifurcation point
T = 2.956 through analytical calculations. This result
confirms that system (1) undergoes a Hopf bifurca-
tion at the equilibrium E* when the delay parameter
reaches 7, = 2.956, as demonstrated in Fig. 3.

From Remark 1, it follows that E* is locally asymp-
totically stable when the delay parameter 7 = 2.85
is less than the critical value 7,. This stability is
visualized in Fig. 4(a,b), which display the time-series
plots and phase portraits, respectively. Conversely,
when T = 3.00 exceeds 7, E* loses stability, as illus-
trated in Fig. 4(c,d), where the corresponding time-
series and phase diagrams exhibit divergent behavior.
Fig. 5 illustrates the influence of the fractional order
sequence g on the bifurcation point 7.
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Fig. 1 Local asymptotic stability diagram of system at E* when g = 0.85, 0.90, 0.95. (a) Stability of x when q = 0.85, 0.90,
0.95. (b) Stability of y when q = 0.85, 0.90, 0.95. (c) Stability of z when q = 0.85, 0.90, 0.95.

(@ (b)

(@] (d

Fig. 2 Dynamical behavior of system (1) under different q. (a, b) The time series and phase diagram when g= 0.85; (c d) the
time series and phase diagram when g = 0.90; (e, f) the time series and phase diagram when q = 0.95; and (g,h) the time

series and phase diagram when q = 0.99.

CONCLUSION

This study presents a comprehensive analysis of a
fractional-order delayed predator-prey system with ra-
tio dependence, incorporating a Holling-II functional
response to model nonlinear trophic interactions. By
leveraging the Caputo fractional derivative, the system

(@

(b)

captures memory effects and hereditary traits inher-
ent in ecological dynamics, offering a more realis-
tic representation of population behaviors compared
to classical integer-order models. The boundedness
and existence of solutions were rigorously established
using Laplace transform techniques and fixed-point
theorems, ensuring the model’s mathematical well-

(0

0.9

eccee 4
0.8

507
900000c0cceceeedtse
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03

Time delay 7

35

Time delay 7

LYYTYY

Time delay 7

Fig. 3 Hopf bifurcation phase diagrams of the system (1) when q = 0.90. The Hopf bifurcation point is 7, = 2.956.
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Fig. 4 (a, b) The time series and phase diagram when ¢ = 0.90, 7 = 2.85 < 7,; (c, d) the time series and phase diagram

when g = 0.90, 7 = 3.00 > 7,.
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Fig. 5 The effect of fractional order sequence q on bifurcation
point 7.

posedness. Furthermore, stability analysis of equi-
librium points revealed that the system’s dynamics
are highly sensitive to both fractional orders and
time delays, with critical thresholds identified for
stability transitions. These theoretical advancements
provide a robust framework for understanding com-
plex predator-prey interactions, particularly in systems
where historical dependencies and delayed feedback
play pivotal roles.

Numerical simulations were employed to validate
the analytical results, demonstrating that higher frac-
tional orders amplify oscillatory behavior, while time
delays induce Hopf bifurcations, leading to periodic so-
lutions. For instance, at a fractional order of ¢ = 0.90,
the system exhibited a bifurcation at a critical delay
of T, = 2.956, transitioning from stable equilibrium to
sustained oscillations. These findings underscore the
importance of fractional calculus in ecological model-
ing, as it accounts for memory effects that influence
population dynamics over time. The simulations also
highlighted the broader stability regions of fractional-
order systems compared to their integer-order coun-
terparts, suggesting that fractional models are better
suited for capturing the long-term adaptive behaviors
observed in natural ecosystems.

The study’s insights have significant implications
for ecological theory and conservation strategies, par-
ticularly in systems like the Arctic tundra, where

www.scienceasia.org

predator-prey interactions are influenced by delayed
responses and environmental memory. Future research
could extend this framework to the control of Hopf
bifurcation in fractional-order predator-prey models or
to interactions among multiple species, so as to further
enhance its applicability. Additionally, exploring the
role of fractional orders in other biological systems,
such as disease dynamics or resource competition,
could yield novel insights. By bridging mathematical
rigor with ecological relevance, this work contributes
to a deeper understanding of the intricate balance
governing predator-prey dynamics and opens new av-
enues for interdisciplinary exploration in mathematical
biology.
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