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ABSTRACT: The nonzero elements chain plays an important role in investigating the non-singularity of matrices. In
1998, Li present a sufficient and necessary condition for a weak Nekrasov matrix to be a nonsingular H-matrix, which is
called “the chain condition” [Linear Algebra Appl (1998) 281:87-96]. In this paper, we give it an alternative equivalent
version of Li’s chain condition which requires no background of graph theory. Adopting this new description, we propose
a new criterion for nonsingular H-matrices. Some examples are given to show the effectiveness of the proposed results.
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INTRODUCTION

Let C™" denote the set of all n x n complex matrices.
Denote N = {1,2,...,n}. For a given matrix A= (a;;) €
C™", we call A is a (row) diagonally dominant (DD)
matrix if

la;| > P,(A), foralli€eN, 1)
where
Pl(A) = Z |aij|‘
J#

We call A is a strictly diagonally dominant (SDD)
matrix if all the inequalities in (1) are strict. We call
A is a generalized strictly diagonally dominant matrix
if there exists a diagonal matrix X such that AX is an
SDD matrix. Let

hy(A) = P (A),

i—1 h:(A n
h(A)=>" ;( )|ai,»|+ D layl, ieN\{1}.

j=1 lajjl j=it+l

If we replace P;(A) by h;(A) in (1), then A is called weak
Nekrasov matrix, Nekrasov matrix, and generalized
Nekrasov matrix, respectively. The SDD matrices and
Nekrasov matrices are important subclasses of nonsin-
gular H-matrices. Nonsingular H-matrices have been
widely used in practical problems, such as computa-
tional mathematics, matrix theory, control, etc [1,2].
It is well-known that DD matrices and weak Nekrasov
matrices are not necessarily nonsingular. Szulc [3]
pointed out that a DD matrix A can be nonsingular if A
satisfies: foranyi € {i : |a;;| = P;(A)}, there is a nonzero
elements chain a;; ,---,q;; with j € {i : |a;;| > P;(A)}.
A question is posed by Szulc [3]: whether a weak
Nekrasov matrix A is nonsingular under the condition
that for any i € {i : |a;;| = h;(A)}, there is a nonzero
elements chain a;; , -, a; ; with j € {i : |a;;| > h;(A)}?
Szulc provided a conter-example to show that the

answer is negative. In 1998, Li proposed a sufficient
and necessary condition for a weak Nekrasov matrix
to be a nonsingular H-matrix with the background of
graph theory [4].

Recently, some criteria for nonsingular H-matrices
were presented, one can see [5-11]. For a nonsingular
H-matrix A, we can construct a diagonal matrix D
such that AD is an SDD matrix or Nekrasov matrix.
Although Li’s chain condition is novel and stunning,
the notion “chain condition” involves many terms in
graph theory, which makes it difficult to understand
and hinders its further applications. In this paper,
we present an alternative equivalent version of Li’s
chain condition. By adopting the new expression, we
propose a new criterion for nonsingular H-matrices
involving the alternative chain condition.

For convenience, let % := 0o. We denote

N(A)={i €N :|a;| < h;(A)},
Ny(A)={i €N :|a;| > h;(A)}.

It is pointed out in [12] that A is a Nekrasov matrix if
N,(A) =N and A is not an H-matrix if N;(A) = N. Thus,
we always assume that N;(A) # N and N,(A) # N in
this paper. We also assume |a;;| # O for all i € N, then
it holds that N;(A) UN,(A) = N.

AN ALTERNATIVE EQUIVALENT VERSION OF LI'S
CHAIN CONDITION

In this section, we first give a brief introduction of the
chain condition proposed by Li [4]. Then, we give it a
new description.

Definition 1 Let V = N be a vertex set. A directed
graph T is a pair of sets (V,E) where ECV x V is
the arc set. A path from i; to i} in I is a sequence
of vertices o = (iy, iy, ..., 1) such that (iy,i,), (is,13),
(ix_1,1z) are arcs in T. If oy = (i3, 1y,...,i) and 0, =
(ix,1x41,---,1,) are paths in T, then the concatenation
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path of o, and o, is a path (iy,1,,..
noted by (o1, 05).

"ik""?it)7 de-

Definition 2 Let A= (a;;) € C'"". The directed graph
of A is defined by

I'A) ={@i,)) : q; # 0}

Definition 3 For A= (a;;) € C"*", let D, —L and —U
be diagonal, lower and upper triangular parts of A,
respectively. A path (i,1y,...,i,j) from i to j in T'(A)
is called a path with property p if (i,1;,...,1;) is a path
inT(D—L) and (i, j) € T'(U).

Definition 4 Let A= (a;;) € C"*" be a weak Nekrasov
matrix. A is said to satisfy the chain condition if for
any i € N;(A), there exists j € N,(A) such that there is
a concatenation path (iy,...,i1,...,1,...,1ks1) in [(A)
where i, =i and i, = j with ig,1;,. .., pairwise
distinct and (i,,...1,,;) is a path with property p for
t=0,1,...,k.

Lemma 1 ([4]) Let A = (a;;) € C”" be a weak
Nekrasov matrix. Then A is a nonsingular H-matrix if
and only if A satisfies the chain condition.

Remark that if (i,i;,...,i,j) is a path with prop-
erty p from i to j in T'(A), then i = i; = --- > i,
ir<janda; a;; *-+a;_ ;a;;7# 0. Now we present an
alternative equivalent version of Li’s chain condition.

Definition 5 Let A= (qa;;) € C"*" be a weak Nekrasov
matrix. For given i € N;(A), if there exists j € Ny(A)
such that a; a; ;,---a; ; # 0 with i; < j, A is said to
satisfy the chain condition for i. If for any i € N;(A),
A satisfies the chain condition for i, then we say A

satisfies the chain condition.

Theorem 1 Let A= (a;;) € C"" be a weak Nekrasov
matrix. Then A satisfies the chain condition if and only
if for any i € N;(A), there exists j € N,(A) such that
a;;, Qi 5, " Qg 7 O with 1 < j.

i, Qiyi, *

Proof: If A satisfies the chain condition, then for any
i € N;(A), there exists j € N,(A) such that there is
a concatenation path (ig,...,11,...,1%,...,1) in T(A)
where iy =i and i, = j with iy,1iy,...,1i,,; pairwise
distinct and (i,,...1,,;) is a path with property p for
t=0,1,...,s. Denote

b

(iaily"':ik’j) = ({Ox'-':{ly"

Then by Definition 3, we have a;; a; ;,*--q; ; # 0 and
i, <j.

Conversely, if for any i € N;(A), there exists j €
N,(A) such that a; a;;,---a;; # 0 with i < j, we
will show that A satisfies the chain condition. If
i>1i > >1i, then (i,iy,...,i,j) is a path with
property p. Then A satisfies the chain condition from i

i J
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to j. Otherwise, suppose there are m integers satisfying
i,41 > 1;, denoted by [y, 1,,...l,,. That is,

P>, 0 <ip

U1 >0 >0, 0, <,
O, 1> >0, i <o,
iy > >

Then, we denote
(i,ii ...,ik,j) = (i’""i11+1"'"ilz+1”"’ilm+1""’j)’

where (l, ey ill’ i11+1)’ (i11+1’ ey ilz, i12+1), ceey (i1m+1,
.., Iy, j) are pathes with property p, which implies
that A satisfies the chain condition. a
In Definition 5, there are only the entries and the
index sets involved. The new description is concise,
which may facilitate the application of the chain con-
dition. In what follows, whenever we mention the
concept of chain condition, we adopt the expression
in Definition 5.

Theorem 2 Let A = (a;;) € C"" with P,(A) = 0 for
somei € N. Then Ais a nonsingular H-matrix if and only
if Al is a nonsingular H-matrix, where Al is a principal
sub-matrix of A lying in the rows and columns indexed
by N\{i}.

Proof: Given a matrix A= (a;;) € C"™*" with P;(A) =0
for some i € N, without any loss, we suppose p,(A) =0.
Let A be partitioned into 2 x 2 block as follows:

AT "
A=l ,
aTU’L
— T
where ¢ = (a3, Aony -+ > Ape1n) -
If A is a nonsingular H-matrix, there exists a posi-

tive diagonal matrix D = diag(d;,d,, ..., d,) such that
AD is an SDD matrix. Let D be partitioned into 2 x 2

block as follows:
D" O
b= [ 0 d, ]

where D" = diag(d;,d,...,d,_1). Then

A'D™  cd,

O anndn ],

which is an SDD matrix. Then it holds trivially that
A"D" is an SDD matrix, which implies that A" is a
nonsingular H-matrix.

On the other hand, if A" is a nonsingular H-
matrix, there exists a positive diagonal matrix D" =
diag(d,,d,,...,d,_;) such that A"D" is an SDD matrix.
Then

o-|

I(A"D");i| > P,(A"D"),  ieN\{1}
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ie.,
[(A"D")y| = P(A™D")

0.
|ain|

ieN\{1}

Construct a matrix
D" O
b= [ 0 d, }

with d, € (0, min [EEURED)
ieN\{1} in
positive diagonal matrix. Then

). Then D is a

_ [ A'D"  cd,
AD = [ 0 a,d, ]
is an SDD matrix. We complete the proof. O

Remark 1 In the following, we always suppose that
P;(A) # 0 for any matrix A.

NEW CRITERION FOR GENERALIZED NEKRASOV
MATRICES

Denote
li(A)=hi(A)_Z|aij|’ IEN;
j>i
LA+ Z |aij|
JEN;(A),j>1
max ;
i@ | lagl— X lagl
JEN,(A),j>1
LA+ 2, la;;| +7 > laj;|
N )i N> '
5, = JEN(. )J>l| | JEN,(A),j>1 . ieN,(A).
a;;

Lemma 2 ([12]) Let A = (q;;) € C”" and X =

diag(xy,...,x,) with 0 < x; <1 for all i € N. Then

foralli € N, we have
R(AX) <), L(AX) < L(A).

Lemma 3 Let A= (a;;) € C""". For any i € N,(A), we
have 1> r = §;(A).

Proof: By the definition of r, it is clear that r < 1. For
any i € N,(A), we have

LA+ D layl

jEN; (A),j>1
r>—— Z »lagl= >0 layl>o.
i 7€N2(A) j>i|aij | JeN(A).j>1

It follows that
r(|aii|_ Z |aij|)>li(A)+ Z lag;]-
JEN,(A),j>1 JEN;(A),j>1

Then, we obtain

rlag| = L,(A) + Z |ag;[ +7 Z la;1,

JEN1(A),j>1 JEN,(A),j>1

3
which implies
li(A)+ Z |al~j|+r z |aij|
- N i
r> JEN,(A),j>1 JEN,(A),j>i =5,
la
for all i € N,(A). O

Lemma 4 ([13]) Let A= (a;;) € C"*" with P;(A) # 0
forany i € N. Then A is a nonsingular H-matrix if

lagl > LA+ > lagl+ D lals; @

JEN, (A),j>1 JEN,(A),j>1
for all i € N;(A).

In the following, we will show that some inequalities
in (2) can be replaced by

Yagl > LA+ Y, lagl+ Y. layls;,”

JENI(A),j>1 JEN,(A),j>1

involving chain condition. We first define an index
subset as follows:

I ={ieN@:lail> L@+ Y layl+ Y layls, )

JEN1(A),j>1  jEN3(A),j>1

Theorem 3 Let A= (a;;) € C"" with P;(A) # 0 for any
i € N. Then Ais a nonsingular H-matrix if the following
conditions hold:

la;;| + 2

@ lagl =LA+ >
JEN;(A),j>i JEN,(A),j>i

Iaij|5jfor allie

Ny (A);
(ii) For any i € N;(A)\J(A), there exists j € J(A) such
that a;; a; ;, "+ a; ; # 0 with i <j.

it Aiyiy *

Proof: By the definition of J(A), it holds that

lagl =LA+ > lagl+ Y. layls;  (3)

JEN(A),j>1 JEN,y(A),j>1
for i € N;(A)\J(A). Let X = diag(x,...,Xx,) where
ne{k ih@
L7 6;, 1€N,(A).

Denote B = AX = (b;;). Now we show that B is a weak
Nekrasov matrix. For i € N;(A)\J(A), by (3), we have

[b;l = layl

=L@+ Y, lagl+ D> layls

JEN,(A),j>1 JEN,(A),j>i

=L@+ . Ibyl+ D Ibyl “

JEN(A),j>1 JEN,(A),j>1

LB+ Y, Ibyl+ D byl =h(B),

JEN1(A),j>1 JEN(A),j>i
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by Lemma 2. For i € J(A), we have
[bii| = lagl

> 1,(A)+ Z la;; + Z la;;|6;

JEN1(A),j>1 JEN,(A),j>1

=L@+ Do Ibyl+ D Iyl )

JEN;(A),j>1 JEN,(A),j>i

>1LB)+ Y. Ibyl+ D byl =h(B),

JENI(A),j>i JEN,(A),j>1

by Lemma 2. For i € N,(A), by the definition of r and
6;, we have

[bii| = la;10;

=LA+ D) lagl+r D0 layl
JEN,(A),j>1 JEN,(A),j>1

LA+ Y gl D layls
JEN; (A),j>i JEN, (A, j>i (6)

=L@+ > byl+ DL byl
JEN,(A),j>1 JEN,(A),j>i

>L(B)+ Y. Ibyl+ Y. Ibyl=h(B),
JEN1(A),j>1 JEN,(A),j>1

by Lemma 2. By (4), (5), and (6), B is a weak Nekrasov
matrix.

In what follows, we show that B satisfies the chain
condition, that is, for any i € N;(B), there exists j €
N,(B) such that b;; b; b ; #O0with i < j. It follow
from by (5) that

iqiy

J(A) € Ny(B),
then
N;(B) € N\J(A) = N(A) U (N, (A\J (A)).

To show that B satisfies the chain condition for any
i € N;(B), it is sufficient to show that, “for all i €
N,(A)u (v, (A)\J (A), either there exists j € Ny(B) such
that by b;; -+ b;; # 0 with i, < j or |b;| > h;(B)”".
Notice that

Ny(A) U (N (A (A))
= (N;(A\J(A)) U {i € Ny(A) : P(A) # 0}
— (@V@)u{iem@: Y layl 20}

jeN(A)
u{i eEN,(A): > lagl=0, > layl #0}.
JEN;(4) J#1,JEN,(A)
Then we consider the following three cases.
Case 1: i € N;(A\J(A).

j € J(A) € Ny(B) such that q;
i; < j. Thus, we have b;; b;

By (ii) there exists
lll 112 @ # 0 with
by, 7é 0 with i, < j,

iiy
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which implies that B satisfies the chain condition for
any i € N;(A)\J(A).

Case 2: i € Np(A) with >, |a;;| # 0. Under this
JEN;(A)
situation, we have

D gl D lagl#o,

J>i,j€N; (A) J<i,jeN;(A)

which implies that at least one of

Z la;;| # 0 (7

J>1,jEN,(A)

and
Z la;;| #0 (8)
j<i,jEN(A)
holds.
Subcase 2.1: (7) holds. Then there exists j, €
N; (A) with j, > i such that |a;; | # 0. Then

Ib;;,| #0. ©)

If j, € J(A), then j, € N,(B), which implies that B
satisfies the chain condition for i by (9). If j, €
N;(A)\J(A), by Case 1, B satisfies the chain condition
for j,, which implies that B satisfies the chain condition
for i. Overall, B satisfies the chain condition for i €
N,(A) with >} |a;| #0.
J>1,jEN; (A)
Subcase 2.2: (8) holds. Then it must hold that
Y. la;l #0, which implies that there exists j, €
j<i,jeN;(A)

N; (A) satisfying |a;; | # 0 with j, < i. Then

ijo

|bij0| #0, hjo(A) |a]010| |b1010| (10)
If j, € J(A), by J(A) € N,(B) and (10), we know that
h; (A) > h; (B).

By (6) and (10), we have
bl > 1,(A)+ Y, Iby|
j>i
i—1
h;(A)
=Z| a2+ Iyl
| JJI j>i
o h.(4) h. (A)
= > 0yl T +lau, 17— + > Ibyl
j=L,j#jo ajj JoJo j>i
i—1
( ) JO( )
= Z U i lJo Z|b11|
J=1,j#jo i j>i
& h;(B) (4)
Z |b1]|]_+ 1]0 ]0 Z'bql
j=1,j#jo |bJJ| |bJoJU Jj>i
- h-(B) (B)
Z |bl]| |Jb | 1]0 |;)0 +Z|b1]|
j=1,j%jo JjJ JoJo j>i
=1(B)+ Y byl = h(B),
j>i
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which implies that |b;;| > h;(B).

If j, € Ny(A)\J(A), by Case 1, B satisfies the
chain condition for j,. By (10) again, B satisfies the
chain condition for i. Overall, for any i € N,(A) with

> la;;| # 0, B satisfies the chain condition for i or
JEN(A)

|by;| > h;(B).
Case 3: i € Ny(A) with >} |a;| = 0. Then
JEN,(A)
Y. la;| #0. Denote
JEN(A),j#i
{iem@: Y tal=0 > lagl#0} =i,
JEN1(A) J#i,JEN2(A)
where i; <--- <1,.
We first consider the case i = i,. Then

> lai;l=0and 3>

JEN(A) j#ie,JEN,(A)
exists jo € Ny(A) with j, # i, such that |a; ;| # O.
Considering that i, is the biggest number in N,(A),
we have j, < i,. Now instigate the j,-th row of A by
considering the following four cases.

Subcase 3.1: >, la;;| # 0.

JEN;(A)

deduction of Case 2, B satisfies the chain condition for
Jo or |bj, ;| > h; (B). If B satisfies the chain condition
for jy, then B satisfies the chain condition for i,. If
[bj j,| > hj (B), it holds that

la; ;| # 0. Then there

By the similar

JoJo
lfo(A)+ Z |ajoj|+r Z |a]o]|
0 |hlo(A) 0, |0 N A i
LR S P
to |a]o]0| o |ajof0|
| r10|5 |br]0|
(B)
Jo
> byl an
JoJo
which, together with (6), we have by (11)
Iy | = 1,(A)+ D |y
J>ie
ii—1 )
:Z a; |b;, 1
j=1 j>i
it h;(A) h
J
j=§%|awl laj;] i oo ;| o
(12)
ip—1
< ( ) h,o( )
= Z | 1t]0 |Cl Z'blrll
J=Lj#Jo 1010 J>ie
= h;(B) (B )
j Jo
72 |bi:1'| [b.| +|b luo |b Zlblu
j=Lj#jo 1] JoJo Jj>ir
=1,(B)+ Y, |b,;| =, (B).
J>i

Overall, if ] la; ;| # 0, then B satisfies the chain
JEN (&)
condition for i, or |b;; | > h; (B).

5
Subcase  3.2: > laj;l = 0 and
JEN(A)
>, la;;|#0. Since r <1, we have
JENL(A),j>Jo
h. (A) ljo(A)f Z _|aitj|+r_' Z _|ai1j|
Jo > JEN1(A),j>Jo JEN,(A),j>Jo —5.
laj,,! laj,,! B
JoJo JoJo
Since B is a weak Nekrasov matrix, we obtain
h;,(A)
j
|airjo| | OA X | > |ar]o|6]0 _l lr]o|
JoJo
h; (B) h; (B)
|br]0||b | |ar]0|| |’
JoJo a]o]o
then
h; (A) > h; (B).

By the similar deduction of Subcase 2.2, we have
i, | > h; (B).

Subcase 3.3: >, la;;|=0, > la;;/=0
JEN;(A) JEN,(A),j>Jo
and >, |a;;| #0. Then there exists j, € N5(A)
JEN,(A),j<Jo

with j; < jo such that |a; ; | # 0. We need to consider
the j,-th row of A with the similar argument to Subcase
4.1-Subcase 4.4. If the j;-th row of A satisfies the
conditions of Subcase 3.1 or Subcase 3.2, it holds
that B satisfies the chain condition for i, or |b;; | >
h; (B). If the j;-th row of A satisfies the conditions
of Subcase 3.3, then there exists j, € N,(A) with j, <
j1 such that |a; ;| # 0, and we consider the j,-th
row of A with the similar discussion to Subcase 3.1-
Subcase 3.3. Without loss of generality, we assume
that there are finite integers j, > j; > --- > j; where
ji>iand > la;;| =0 (ie., the j;-th row of
JEN,(A),j<ji

A at least satisfies one of the conditions of Subcase
3.1 and Subcase 3.2). Then by similar deduction of
(11) and (12), B satisfies the chain condition for i, or
b, | > h;, (B).

By the similar argument for i = i,, we discuss the
case i =i, fors =t—1,...,1. We can obtain that for
any i € Ny(A)with >} |a;;| =0, B satisfies the upper

JEN;(A)
chain condition for i or |b;;| > h;(B).

i

From the discussion of Case 1-Case 3, we conclude
that for any i € N,(A) U (N;(A)\J(A)), B satisfies the
chain condition for i or |b;;| > h;(B). Hence, B satisfies
the chain condition. Since B is a weak Nekrasov
matrix, then B is a nonsingular H-matrix by Lemma 1.
Then A is a nonsingular H-matrix. O

Remark that if J(A) = N;(A), then Theorem 3 co-
incides with Lemma 4. Generally, the chain condition
makes it possible to replace “>” with “>” in the criteria
for nonsingular H-matrices.
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Example 1 Consider the matrix

6 1 0 1 4
1 10 54 36 1
A=| 1 2 12 4 6
3 10 12 35 3
1 2 2 0 10

It is easy to compute that h;(A) = 6, hy(A) = 11,
h(A) = 13.2, hy(A) = 32.2, hs(A) = 5.4; [;(A) = 0,
1,(A) = 1, 13(A) = 3.2, [,(A) = 27.2, I5(A) = 5.4. By
computation, we have

Y = 0.85, 64 = 0.85, 55 = 0.54;

N;(A) ={1,2,3}, Ny(A) ={4,5}.

It can be testified that

lanl=6>4.01=LA)+ > layl+ Y. layls;,

JjEN1(A),j>1 JEN2(A),j>1
lax|=10=10=1,(A)+ Z |a2j| + Z |a2j|6j:
jEN1(A),j>2 JEN3(A),j>2
lass| =12>9.84=1,(A)+ Y. lag|+ Y lagl5;,
JEN1(A),j>3  jENy(A),j>3

which implies that J(A) = {1, 3} and then N; (A)\J(A) =
{2}. Moreover, for i = 2, there exists j = 3 € J(A) such
that a,;a;0a,3 7 0. Hence, the situations in Theorem 3
hold. Hence, by Theorem 3, A is a nonsingular H-
matrix. In fact, we can find a diagonal matrix X =
diag{1,1,1,0.84,0.53} such that

6 1 0 084 212
1 10 0 3.024 0.53
AX=1]1 2 12 336 3.18
3 10 12 294 1.59

1 2 2 0 5.3

It is obvious that AX is an SDD matrix, i.e., A is a
nonsingular H-matrix.
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