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INTRODUCTION

We assume that the reader is familiar with the funda-
mental concepts of Nevanlinna’s value distribution the-
ory (see [1-3]). Throughout this paper, a meromorphic
function will always mean meromorphic in the whole
complex plane.

Let f and g be meromorphic functions and a be a
complex number. Let E(a, f) be the set of all zeros of
f (2)—a with counting multiplicities (CM). If E(a, f) C
E(a, g), we say f(z) and g(z) partially share a CM, and
if E(a, f)=E(a, g), then f(z) and g(z) share a CM.

If the meromorphic function a(z)(# o) is satis-
fied, it follows that T(r,a) = o(T(r, f)),r — oo, r ¢ E,
where E C [0, 00) is a set of real numbers with finite
measures, that is, T(r,a) = S(r, f), then a is called a
small function of f(z).

For a meromorphic function f(z), we define its
shift by f (2 + ¢) and its difference operators by

A f(z):=f(z+c)—f(2),
ALf(2) = AT (AS (),
Let f be a non-constant meromorphic in C. Then

the order p (f) and the lower order u(f) of f are
defined in turn as follow:

neN, n=2.

logT
o () = limsup 22 L)
r—00 logr
u(f)= liminfw.
r—00 ogr

The study of functional expressions with specific
properties has always been a hot issue for mathemati-
cians, and the uniqueness of meromorphic functions
and their derivatives with shared values is even more
important for complex analysts. In 1986, Jank et al [4]

characterized functional expressions from the perspec-
tive of shared values and proved that

Theorem 1 ([4]) Let f be a non-constant meromorphic
function, a is a finite non-zero constant. If f, f' and f”
CM shared a, then f = Ae*, where A is a finite non-gero
constant.

In recent years, with the difference analogue of the
lemma on the logarithmic derivative, many researchers
naturally considered the value distribution issues for
meromorphic functions and its difference operators
[5-11] and references therein. Then, some complex
researchers [12-16] obtained difference analogue of
the result of Theorem 1, and characterized the proper-
ties of f(z) from the perspective of shared values and
proved the following results.

Theorem 2 ([12]) Let f(z) be a non-constant entire
function of finite order, and let a(z)(# 0) € S(r,f) be
a periodic entire function with period c. If f (z), A f(2)
and A2f (z) share a(z) CM, then A%2f = A f.

Theorem 3 ([15]) Let f(z) be a non-periodic entire
function of finite order, and let a(z)(# 0) € S(r,f) be
a periodic entire function with period c. If f (z), A f(2)
and Aff (2) share a(z) CM, then A f (z) = f(2).

Theorem 4 ([16]) Let f(z) be a non-constant entire
function of finite order; and let a(z)(Z 0) € S(r, f) be
an entire function with p(a) < 1. If f(2), A.f(2) and
A?f (2) share a(z) CM, then A f (z) = f(2).

In Theorem 4 set a(z) = 1, then f(z) = 1+ B,
where A(# 0), B are two constants. Let ¢ satisfy e =
1, then A%f(2) = A f(2) = 0. It is easy to find f(z),
A.f(2) and Aff(z) share 1 CM, but A_f (z) # f(2).
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Therefore, combining with the above results, we
naturally have the following question:

Can we characterize the expressions of f (z) when
the meromorphic function f, A f(z) and A2f(z)
shared a value?

Firstly we obtain that f(z) be transcenden-
tal meromorphic functions when f(z), A.f(z) and
A2f (z) shared a value.

Theorem 5 If a function f(z) and A.f (z) share 1 CM,
then f is not a polynomial function. Furthermore, if
f(2) and A.f(z) share 1 and oo CM, then f(z) is a
transcendental meromorphic function.

Remark 1 The condition of “CM” sharing is accurate.
For example, let f(z) =22 + 1, then

Af(@)=(=+c)+1—22—1=2zc+c?,

let ¢2 =1, that is, c = £1, then f(z) and A_f (z) share
1 IM.

Secondly, by Theorem 5, f(2) is a transcendental
meromorphic function. Thus, we have obtained the
following value distribution properties.

Theorem 6 Let f(z) be a non-constant entire function
of finite order, and AZf (2) Z A f (2). If f(2), Af(2)
and Af f(2) share 1 and oo CM, then the following
holds:

0 T(r,f)=N(r,f(%_11)+S(r,f);
(i) T(T‘,f)=N(T‘,m)+S(T‘,f);
(lll) T(I",f) = N(r, W) +S(r,f)

Finally, by Theorem 6, we characterize the expres-
sions of f(z) from the perspective of shared values.

Theorem 7 Let f be a meromorphic function of finite
order, and ¢ be a non-zero constant. If f (z), A.f () and
Aff(z) share 1 and oo CM, then one of the following
situations is true:

(1) f(z) =e%g(2), where g(z) is a meromorphic func-
tion with a period of ¢ and e*° =2, a is a finite non-
zero constant;

(i) f(z)=1+e**B, where A(# 0), B are two constants
and e =1.

Corollary 1 Let f be an entire function of finite order,

¢ is a non-gero constant. If f(z), A f(z) and Aff(z)

share 1 CM, then f(z) = 1+e**5, where A( 0), B are
two constants and e = 1.

Remark 2 The result f(z) = e®*g(z) under the situa-
tion of Theorem 7(i) is hold. For example, let f(z) =
ec"2sin 22z then A f(z) = e:"?sin 2z, A%f(z) =
e !"2sin 25, Obviously, f(z), A.f(z) and A%f(z) CM
share 1 and f(z) = elnTng(z), where g(z) = sin 27“2: is
an entire function with a period of c.
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LEMMAS

In order to prove our main results, we shall recall some
lemmas as follows.

Lemma 1 (Theorem 2.1 in [10]) Let f(2) be a mero-
morphic function with order p = p(f), p < 00, and let ¢
be a fixed non-gzero complex number, then for each € > 0,
we have

T(r,f(z+¢))=T(r, f(2)) +O(r""***) + O(log ).

Lemma 2 (Lemma 2.3 in [11]) Let c € C, n €N, and
let f be a meromorphic function of finite order. Then for
any small periodic function a € S(r, f), we have

n
m(r Acf
3 f _ a
where the exceptional set associated with S(r, f) is of at
most finite logarithmic measure.

)=s.5),

Lemma 3 (Lemma 1.10, p. 82 in [3]) Let f;(z) and
fo(2) be non-constant meromorphic functions in the
complex plane and c;, ¢y, c3 be non-gero constants. If
cif1 +cofs = ¢, then

T(r, f1) < N(r, 2) 4+ N(r, =)+ N(r, f1) + S(r, f1).
i %

Lemma 4 (Theorem 1.15, p. 31 in [3]) Let f(2) and
g(2) be two non-constant meromorphic functions in the
complex plane with p(f) and p(g) as their orders,

respectively. If p(f) < p(g), then

p(fg)=p(f+g)=p(g).

Lemma 5 (Theorem 1.14, p. 30 in [3]) Let f(z) and
g(2) be two non-constant meromorphic functions. If the

order of f(z) and g(z) is p (f) and p (g) respectively,
then

max{p (f),p (g)},

p(f-g)
)<max{p(f),p(g)}.

p(f+g

V/AN/AN

Lemma 6 (p. 65 in [3]) Let h(z) be a non-constant en-

tire function and f (z) = "®). Let p and u be the order

and the lower order of f(z), respectively. We have the

following holds:

(1) If h(z) is a polynomial of degree p, then p = u = p;

(i) If h(2) is a transcendental entire function, then p =
U= 00.

Lemma 7 Let a(z) be a non-constant polynomial and ¢
be a non-zero constant. Then the following holds:

(i) dega(z+2c)=dega(z+c)=dega(z);

(i) degA.a(z)=dega(z)—1;

(iii) deg(a(z +2c)—a(z)) =dega(z)—1.
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Proof: Set a(z) = a,g"+a,_ 2" 1+ -+a,, where a,(#
0), a,_1, -+, ay are constants. For a(z + c¢), we have,
a(z+c)=a(z+c) +a,_(z+c)" 4+ +a(z+c)+ag
=a,(z"+Clz" e+ C" PP+ + )+ a, (2"
+Cl 2" Pe+CP 2" )+ tay (240)+ag
=a,2"+(Cla,c+a, 1)z" " +(C2a,c®* +C! a, ¢
+ )2 2t (4" F a4 agc +ag).
Similarly, we get,

a(z +2¢) = a,z"+(Cla,(2c) +a, ,)z" " +(C2a,(2c)?
+ C;ﬁlan_l(Zc) +a, 5)2" 2+ +(a,(2c)"
+a, 1 (2c)7 4+ 4+ ay(20) + ap),

hence, from the relationship between expansions of the

highest order items of a(z +2c), a(z +¢c) and a(z), we
obtain,

dega(z +2c) = dega(z +c) = dega(z).

This is (i) of Lemma 7.
For A.a(z), we have

A.a(z) =alz+c)—a(z)
=nca,z" ' +(C?a,c*+C}  a, 10)z"?

+ oo (@™ F @y - agc),

then,
deg A, a(z) =dega(z)—1.

This is (ii) of Lemma 7.
For a(z + 2c) — a(z), we have

a(z+2c)-a(z)=2nca,z"'HCa,(2¢)*+C} | a, 1(2c))z">
+ ot (a,20) +a,_1(20)" + -+ - +a,(2c)),
therefore,
deg(a(z +2c)—a(z)) =dega(z)—1.

This is (iii) o Lemma 7.
This completes the proof of Lemma 7. O

Lemma 8 Let f be a non-constant meromorphic func-
tion of finite order. If f(2), A.f(z) and Aff (2) share 1
CM and satisfy the following

E(oo,A’f)CE(oco,f), E(00,A.f)CE(co,f),

then, we have Aff(z) =A.f(2)+p()(f (z)—1), where
T(r,¢(2))=S(r, f).

Proof: Since f(z) be a non-constant meromorphic
function of finite order, and

Af(z)=f(z+c)—f(2),

A2f(2) = AdAf(2)) = fz+20) —2f (z+ ) + f (2).
Therefore, by Lemma 1, we have
T(nAS)=T( f(z+c)—f(2)
<2T(r, f)+0(rP 1)+ 0(logr),
T(r, A2 f)=T(r, f(z+2c)—2f (z+c) + f(2))
<3T(r, f)+0(rP~1*¢) + O(log ).
Hence,

p (A f)=limsup log" T (1, A.f (2))

logr
. log" T (r,f)
< limsup —glogr f =p(f),

and

log™ 2
o (82F) = limsup €T (A @)

r—00 logr
log" T
<limsup & L) _ ey
r—00 logr

therefore, A.f (2), Af f (2) are also non-constant mero-
morphic functions of finite order.

Since f(z), A.f(z) and A2f(z) share 1 CM
and satisfy E(co,A2f) C E(oo,f), E(00,A.f) C
E(oo, f); then, we have

A%f(z)—1

Tl T _Ry(2)e*®,

Af %(Zi 1 =
Fa-1 e

where R;(2), R,(z) are entire functions, a(z), 5(z) are
non-constant polynomials.

Set
)2 2 =ASG)
7 f@-1
that is, A?f (2) = A.f (2) + ¢(2)(f () — 1).
By (1), we get that ¢(2) =R;(2) e“(z)—Rz(z)eﬂ(z).
Then, by Lemma 2 and T(r,¢(2)) = m(r,¢(2)) +
N(r, ¢(2)), we deduce that

AZf(2) Af(2)
m(r, p(2)) < m(r, o)1 )-i—m(r, Fo-1 )+log2
=5(r,f).

Moreover, by ¢(z) = R;(2)e®® —R,(2)ef® and
E(00,A%f) € E(00,f), E(00,A.f) C E(00,f), we
have

A2f(2)—Af (2)
NG 9@ = N (n s ) =50,
that is,
T(r,¢(2)) =S(r,f).
This completes the proof of Lemma 8. O
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PROOF OF THEOREMS

First we give the proof of Theorem 5.

Proof of Theorem 5

Suppose that f (z) be a non-constant rational function;
then @
P(z
(Z) ==
oTe)
where P(z), Q(z) are non-zero relatively prime poly-
nomials. Since f(z) and A.f(z) share 1 and co CM;

then AF(z)—1
JZ)—1
a1 O

where K be a non-zero constant. Let P, Q, represents

(2

P.:=P(z+c), Q.:=Q(z+c),

hence, P., Q. are also relatively prime polynomials.
Therefore, we have

Af(z)=f(z+c)—f(2)
_ P(z+c) _@

CQz+¢) Q)
_PQ-QP Pg—P
S QQ  Q

Substituting the above formula into (2), we have

R%—P—Q=KP—Q
Q Q

that is,

Pcng(K+1)P+(1—K)Q, 3

C
noting that the right of (3) is a polynomial. Thus, we
discuss the left side of this equation, the zeros of Q. are
all zeros of Q, since Q. and Q have a same coefficient
of the highest order; then, we get Q. = Q, where Q(z)
is a non-zero constant.

By Lemma 7 we have f(z) is a polynomial, then
deg A .f = degf —1. Since f(z) and A.f(z) share
1 CM, by (2), f(z)—1 and A.f — 1 have the same
zeros and the same number of degree, that is, f(z) is a
constant, so f(z) is not a rational function.

This completes the proof of Theorem 5. O

Proof of Theorem 6

Since transcendental meromorphic functions f(z),
A f(z) and Aff (2) share 1 and oo CM; then

ASE) =1 pe
flz)—1 ’

— oa(2)

AZf(z)—1 _

F@)—1 , 4

where a(z), 3(z) are non-zero polynomials.
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By A2f(2) # A.f(2) and (4), we arrive at p(z) =
WD) P
e®®) _eP() £ 0; then, % — 5@ = 1. By Lemma 3, we

set f; = %, fo= %; then,
a a a
T(r, =) <N(r, 2) +N(r, =)+ N(r, =) +S(r, =)
2 et € "2 2
e(l
= S(r;f) +S(r’ _)
2

By Lemma 8, we have

a

T(r,e%) < T(r, —¢)
2

a

<T(r, %)+ T(r,0)=S(r,f). (5

Hence, T(r,e*) = S(r, f). Similarly, we can obtain
that T(r,e?) = S(r, f).
2
From (4), we get that ﬁ = % -
by Lemma 2 and (5), we have

€@ thuys,

2
m(r, N )=m(r, —Acf(Z) —e®)

flz)—1 flz)—1
AZf(z) a(2)
<m(r,f(z)_1)+m(r,e )+5(r, f)
=S(r,f). ()]

Combining the first fundamental Nevanlinna the-
orem with (6), we get that

T(r,f) = T(r, fﬁ) +O(].)
1 1
=N(T‘, m)ﬁ—fﬂ(ﬁ m)-i-O(l)
1
=N(r,f(z)_1)+8(r,f),

this is (i) of Theorem 6.

Since f(z), A.f(z) and A2f(z) share 1 and oo
CM, thus (ii) and (iii) of Theorem 6 are also estab-
lished. O

Proof of Theorem 7

According to f(2), A.f(2) and Aff(z) share 1 and oo
CM; thus, we have

Assertion 1: A%f (z) = A f (2).

The following is a description of expressions of
the meromorphic function f. Suppose that A?f(z) #
A f(2), since f(z), A.f(z) and Aff(z) share 1 and
oo CM; then, by Lemma 8, (4) can be rewritten as
A f(2) =ePP(f(2)—1) +1, it follows that

flz+c)=(1+eP@)f(z)—efB 1, 7)
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that is,

AZf(2) = (PP (f () -1 +1)
=ePErI(f(z+c)—1) +1—-ePE(f(2)-1)-1
= fz+0) -1 =PI (f(x)-1), (®)

substituting (7) into (8), we have

2 —
AZf (2) = (£ (2) + O (2) - )
— eﬂ(Z)f (2)+ ef@
— (eﬁ(2+6)+ﬂ(2) 4Pt _ eﬁ(%))f (2)
— eBGEt+AE) 4 B 9)

Thus, (9) can be rewritten as

A2f(2) = 7(2)f (2) + 8(2), (10)

where

1(z) = ePEHOHBE) 4 oBl+e) _ oBl), an

5(z)=— ePE++p() 4 oBl2) — —y(2) + eﬁ(zﬂ)’ (12)

then, T(r,e?) = S(r, f); thus, we get that T(r,y(z)) =
S(r,f)and T(r,6(2)) =S(r,f). Then, we rewrite (10)
as

A () =1y () -1 =71()+6(z)—1. (13)

Suppose that v(z) + 6(z) —1 # 0. Let 2z, be a k order
zero of f(z)—1; since f(2), Aff(z) share 1 CM, so
%, is also k order zero of A2f(z)—1. Thus, z, is at
least k order zero of Aff(z)—l —v(2)(f(2)—1). Then,
combining Theorem 6 with (13), we have that

N (r’ m) =N (r’ Azf (Z)—l—;(Z)(f (z)—l))

> N( =T(r,f)+S(f). (14

1
gom)

On the other hand, we have

1 1
N(r’ r(z)+0(2)— 1) < T(r’ y(z)+6(z)— 1)
=S(r,f), (15)

then, incorporating (14) with (15), we have that
T(r,f)=S(r,f), which is a contradiction.
Hence, y(2) + 6(2) — 1 = 0. Combining with (12),
we have
eflEt) =1,

then, B(z + ¢) = 2kmi, k € Z. Therefore, ef® =
P+ =1,

AZf—1 ..
From (13), we get that = = y(z), combining

this with (4), we have that e* = 1, which is e* =
eP; thus, Af f = A_.f, which is contradiction with
assumptions. This completes the proof of Assertion 1.

Set,
Y(z)=Af(2)—f (=), (16)

then,

Y(z)=Af(2)—f(2) = f(z+c)—2f(2),
Yz+c)=Af(z+c)—f(z+¢)
=f(z+2c)—2f(z+¢),

therefore,

Y(E)+f(@)=Af(2)—f(z)
=fz+c)—f(E)=Af(2),
YP+)+fz)=Af(z+c)—f(z+¢)
=f(z+2c)—2f(z+c)+f(2)
= AZf (2),
hence, Aff(z) = A f(2), that is, P (z + ¢) = P(z), we

get that 1(z) is a meromorphic periodic function of
period c. From (16), we have

Af(z)=1=f(z)—1+v(2),

since f(z) be non-constant meromorphic functions;

then,
A —1
S@-1_ YE) an
flz)-1 flz)—-1
By Theorem 6, there be transcendental functions f (z),
and f(2), A.f (z) share 1 and oo CM,; then, there exists

polynomials f3(z) satisfying

Af(z)—1 — o)

FE)—1
Combining this with (17), we have
1+ Y& _ e
fz)—1

We have the following two cases:
Case 1: For ef®) = 1; then, A_f(2) = f(z), that
is, f (z+c) = 2f (2). Firstly, we have the following hold:

Assertion 2: The necessary and sufficient condition
for f(z+c)=2f(2)is f(z) = e®g(z), where e =2
and g(z) is meromorphic functions with a period of c,
and a is a finite non-zero complex number.

Adequacy:
flz+c)=e%e%g(z) =2f(2),

where e% = 2.
Necessity: Set a =1n2/c; then,

o) =1E),

e(lZ

where g(z) is a meromorphic function.
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Secondly, let us prove g(z) is a meromorphic func-
tion with a period of c,

fa+o) _2f() _

ealz+c) - 2 eaz

glz+c)= g(2).

Thus the form (i) of Theorem 7 is proved.
Case 2: For ef®®) # 1; then, we deduce that

Y(z)

f@)= g og +1- (18)

Since v (z) is a meromorphic function with a period c;
then, we get that

A f(z)=f(z+c)—f(2)

_ Ylz+c)
- eBlz+c) — 1

Y@
eB@ _1

+1 -1

(19

and

A2f(2) = f(z+2c) —2f (3 + ) + £ (2)
Pz +2c) Y(z+c)
- eBz+2c) 1 1-2 eBz+ca)—1 —2

Pz +2c) Y(z+c)

T eBli20)—] el —1

= U’(Z)Af(;).

efz) —1

Y(z)
eBz)—1

Y(2)
eBz) —1

+1

From Assertion 1, for Af f(2)=A.f(z), we have
] (N Ny (-
c\leflx)—1 e efz)—1 )

1 S SR S
eBz+2c) — 1 eBlz+c) — 1 efm —1

that is,

0, (20

hence,

eﬁ(z+c)+/5(z) -3 eﬁ(Z+ZC)+ﬂ(Z) +2 eb(z+2c)+ﬁ(z+c)
—3eBEt0) 4 9P 4 oflz+20) — 0,

then,

eﬂ(z+c) -3 e[5(z+26) +2 e[i(z+2c)+AC[5(z)
_3e8PE) 4 g 4 @PE2BE) —

therefore, we get that

efla+e) 4 (2 eAh=) _ 3) ebz+20)

= 3el:PE) _o__ oflz+2c)-p(2) @21
The following is the discussions of $(z):
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Subcase 2.1: For ef®) Z eBG+9). then, for (21), we
have

P( ef+a) (2 eleh@) _ 3) eﬁ(2+25))
— P(3 elPE) _o_ eﬁ(2+2c)—ﬁ(z))’ (22)

by Lemma 6, we get that p(e?®) = deg8(z). More-
over, combining Lemma 5 with Lemma 7, we get that

p(3e2PE) _ o _ bC+2)-p))

< max{p(3e2:PE) —2), p(—elf+2-Fl)y)
=degf(z)—1. (23)

Similarly,

p( eBla+e) 4 2 eABE) _ 3) eﬁ(z+2c))
< max{p(e+9), p((2e5() - 3) h-+2))
= degB(z +¢) = deg B(2). 24)

If p((ePC*I) + (2e2:P) —3) ePE+2)) < deg B(2); then,
by Lemma 4,

efz+e) 4 2 elch() _ 3) eB(z+2c)
eB(z+c)

degﬁ(2)=p(

=p (1 + (2 eAfz) _ 3) eﬂ(2+ZC)—I5(Z+C))

<degf(z)—1, (25)

this is impossible. Thus,
p(e/j(Z“) + (2 eAPE _ 3) eﬁ(”zc)) =deg f(z).

Combining (22) with (23), we arrive at degf(z) <
deg f3(z) — 1, which is a contradiction.

Subcase 2.2: For ef®) = eP+9); then, by (19), we
get that A_f(z) = 0. Next, we assert that f(z) =1+
e where A(# 0), B are two constants and ¢ = 1.

: ASE)-1 _ B(a).
Since FeeT —© ; then,

f(Z) =1 _e_ﬂ(Z)ﬁ

where (z) is a non-zero polynomial.
The following is a discussion of the degree of poly-
nomials 3(z). For deg(z) = 2; then, from Lemma 7,

deg(B(z + c) — B(2)) = deg(B(z)) —1 > 1. Also by
A.f(2) =0, there is efG+)=PE) = 1; hence,

(B'(z +)— P/ (2)) =P = o,

thus, we get that '(z+c)—f’(z) = 0, which contradicts
with the above A(# 0).

So, deg(fB(z)) = 1; thus, f(z) = 1+ e**B, where
A(# 0), B are two constants. Noticing that A f(z) =0,
we can deduce that e = 1.

This completes the proof of form (ii) of Theorem 7.
Thus, Theorem 7 is proved. O
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