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ABSTRACT: Codes over a finite field of prime order that are row spaces of adjacency matrices of complete multipartite
graphs are examined. The main parameters for the codes and their duals including the hulls of the codes are obtained.
Bases of minimum-weight vectors for those codes are also constructed and the conditions for the codes to be self-

orthogonal and self-dual are established.

KEYWORDS: linear codes, complete multipartite graphs, adjacency matrices

MSC2020: 05C50 94B05

INTRODUCTION

The binary codes from complete multipartite graphs
were examined in [1,2] with a view to permutation
decoding. In this paper, codes over the finite field I,
of prime order p obtained from adjacency matrices of
complete multipartite graphs are examined. The main
parameters for the codes and their duals including the
hulls are determined. Bases for those codes are found,
some of which consists of vectors of minimum weight.
The results are summarized in the following.

Theorem 1 Let A be an adjacency matrix for the

complete multipartite graph K, ,,, . with vertex set

V partitioned into parts V;,V,,..., V. of cardinalities

ny,nNy,...,N,, respectively. Assume that n;,n;,...,n;

are all congruent to zero modulo p and n;, <n;, <+ <

n; where 2<m<r. Let C,(A) be the code obtained

from the row span of A over the field .

() If r = 1(mod p), then the hull of C,(A) is
an [n,m — 1,n; + n;] code with a basis
{vv‘f —Vm 1< < m}.

(i) If r # 1(mod p), then the hull of C,(A) is an
[n,m,n; ] code with a basis {vv"f |1<j< m}

The paper is organized as follows. First notations
related to codes, incidence structures, and graphs are
briefly reviewed. Then the dimension of the codes over
the finite field of prime order from the graph K, ,,, .
is determined. Next in order to obtain the minimum
weight of the codes, the dual codes from K, , .
are described, and subsequently bases of vectors of
minimum weight for the codes are constructed. Neces-
sary and sufficient conditions for the codes to be self-
orthogonal and self-dual are also provided. Finally
the hulls of the codes are examined to obtain the
parameters using the structure of the codes and their
duals. In the end our conclusion is presented.
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TERMINOLOGY

We introduce basic terminology regarding codes, inci-
dence structures, and graphs. The reader is referred to
[3,4] for a full discussion.

All the codes here are linear codes of length n over
the finite field F, of prime order p which are subspaces
of the vector space IF; of n-tuples over F,. The support
of a vector x in ]F;, supp(x), is the set of nonzero
coordinate positions of x, and the weight of x is the
cardinality of its support. The minimum weight of
nonzero vectors in a linear code is the minimum weight
of the code. If C is a linear code of length n over F,
and dimension k and with minimum weight d, then it
is said to be an [n, k,d], code. The dual code ctofcC
is the orthogonal complement of C under the standard
inner product (,) on IE‘;, ie.

Clz{XEIE‘;|(x,c)=0forallc€C}.

The dual code C* is also linear over F, of dimension

n—k. The hull of C, Hull(C), is CnC*. If Hull(C) =
{0}, then C is a linear code with complementary dual
or shortly an LCD code. Two linear codes of the same
length and over the same field are isomorphic if they
can be obtained from one another by permuting the
coordinate positions. A code C is self-orthogonal if C C
C' and self-dual if C = C*. A code is doubly even if all
the codewords have weight divisible by 4.

A (finite) incidence structure 9 = (&, 4, .#) con-
sists of two finite disjoint sets # and % and a subset .¢
of # x . The elements of # and % are called points
and blocks, respectively. If all the points and blocks
of 9 are labelled, then an incidence matrix A for 9 is
a || x |2| matrix [ag,] whose rows and columns
correspond to blocks B and points b, respectively,
where ag j, is 1 if (b,B) € I and is 0 otherwise. If F is
a field, then we denote by FZ the full vector space of
functions from the point set & to the field F. If |2 | =
n, then a function u in the space FZ may be regarded
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as an n-tuple in the vector space F" whose coordinate
corresponding to a point b is the value of u at the
point b. If & is any subset of &, then the incidence
vector of &, denoted by v, is a function in FZ defined
by, for any point b in &, v¥(b) is 1 if b € & and
0 otherwise. If & = {a}, then v will be written as
v®. Thus each row vector of an incidence matrix of the
structure 9 can be considered as an incidence vector
of the corresponding block. The code Cy(2) of 2 over
a field F is the row span of an incidence matrix of 2,
ie. Cp(92) = <vB |Be 95) If the field F is of order p,
then we will write C,(2) for Cp(2).

All the graphs T' = (V,E) with vertex set V and
edge set E discussed in this paper are simple, i.e.
an undirected graph with no loops and no multiple
edges. The neighbour set of a vertex x of I is the set
of vertices adjacent to x, and the valency of x is the
cardinality of its neighbour set. A graph is k-regular
if all the vertices have the same valency k. A strongly
regular graph of type (n,k,A,u) is a k-regular graph
on n vertices, which is such that every pair of adjacent
vertices has A common neighbours and every pair of
non-adjacent vertices has u common neighbours. The
complement of a graph I' is a graph I' with the same
vertex set and with the property that two vertices are
adjacent in T if and only if they are not adjacent in
. A complete multipartite graph K, ,, . is a graph
with vertex set partitioned into r parts of cardinalities
ni,n,,...,n, and two vertices being adjacent if they
belong to different parts of V.

An adjacency matrix of a graph I' = (V,E) is a
|V|x|V| matrix A= [a,, ] whose rows and columns are
indexed by vertices of I' in the same order and which is
such that a,,, is 1 if vertices x and y are adjacent and
0 otherwise. A linear code C,(A) of a graph T over the
field I, is the row space of an adjacency matrix A of T'.
A neighbourhood structure of T is an incidence structure
2 with point set V and block set the collection of the
neighbour sets of vertices of I'. Thus the incidence
matrix of 9 is an adjacency matrix A of T', and the code
C,(2) of 2 can be considered as the code C,(A) of T.

CODES FROM K, , .n,

We examine codes obtained from adjacency matrices
of the complete multipartite graphs K, ., ., with
vertex set V partitioned into parts V;, Vs,...,V, of car-
dinalities nq,n,,..., n,, respectively. All the notations
established here will be used throughout the paper.
Itis noted that the complete multipartite graph I’ =

r r—1 r
Ky n,...n, has n= 2 n; vertices and ), (ni > nj)
i=1 =1 j=i+l
edges. The complement T' of T is a discon-

nected graph with r components of complete graphs
K, ,Kp,,-.-,K, . 1f the cardinalities of some parts
of V are unequal, then T is not regular; other-
wise T and T are strongly regular graph of type

(mr, m(r—1),m(r—2),m(r — 1)) and (mr,m—1,m—
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2,0), respectively, where m > 2 and n; = m for all
1<i<r. In the latter case, I' and T have the
same automorphism group, which is isomorphic to the
wreath product of the symmetric group S,, by S,, i.e.
Aut(T) = S,,1S,, see [2] for more details.

Now we look at the code spanned over the finite
field F, of prime order p by the row vectors of an
adjacency matrix A of the complete multipartite graph

= Ky, n,,..n,- We note that if the vertices of I' are
labelled in the order V =V, UV, U---UV,, then those
corresponding to the j vertex on the i-th part V. of V
will be written as the ordered pairs (i, j) forall1 <i <r
and 1 < j < n;. Thus the matrix A can be partitioned
into the following:

Onl xny Jnlxnz Jnl Xng Jnl X1,
J
ng Xny ng XMy ngxng ng Xn,
A= i X . . i r blocks
Jn,xnl Jn,xnz Jn,xn3 Onrxn,

where Jnxn, 18 @an n; Xn; matrix with entries equal to 1,

and 0,, ., is an n; x n; zero matrix for all i, j such that
nyxn; i j

1<1i,j<r. Observe that foreach 1 <i<r,ifn;, =2,
then the i-th block of A has n; repeated rows. Thus
we can construct an r X n matrix A obtained from A by
removing n; — 1 rows from each of the r blocks such
that n; = 2, leaving only the first rows in each block so

that A is of the form

lenl Jlxn2 Jlxn3 Jlxn,.

— Jlxnl 01><n2 J1><n3 Jlxnr

A= . . . . rrows. (1)
Jlxnl Jlxn2 Jlxn3 len,,

The code C, (A) spanned over FF,, by the row vectors

of A s as the code of the neighbourhood structure 2 of
I with point set V and block set 8 ={B; |1 <i<r},
where B; is defined to be V\V; for all 1 <i < r. Thus

C,(A)=C,(A)=C,(2)= (VP |1<i<r).

Note that since each point of 2 is on r — 1 blocks, it
r
follows that Y. v% = (r—1); where j is the all-one

i=1

vector. Thus if r # 1 (mod p), then j is a codeword
in C,(A). If r =1 (mod p), then the incidence vectors
vBi for 1 <i < r are linearly dependent so that the
dimension of C,(2) is less than r. We will use the
concept of the neighbourhood structure of T' in the
proofs of our results regarding codes from the graph.

The following result in [5] is required to determine
the dimension of the code C,,(A).

Result 1 Let M be an integral matrix of order r with

integral eigenvalues.

(i) If the eigenvalues of M are all nongero modulo a
prime p, then M has full p-rank r.

(ii) If M has precisely one eigenvalue A divisible by p,
then the p-rank of M is r—m where m is a geometric
multiplicity of A.

www.scienceasia.org
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It is known that an adjacency matrix for the com-
plete graph K, on r vertices has two distinct eigenval-
ues, one of which is r —1 with multiplicity one and the
other —1 with multiplicity r — 1. Thus by Result 1, we
obtain the following.

Corollary 1 The p-rank, where p is a prime, of an
adjacency matrix for the complete graph K, is r — 1 if
r =1 (mod p) and r if r 1 (mod p).

Proposition 1 Let A be an adjacency matrix for
Ky, n,,...n,- Then the code C,(A) of the graph has dimen-
sionr—1ifr=1(mod p) and r if r Z 1 (mod p).

Proof: The dimension of the code C,(A) is the p-rank

of the matrix A in (1), which equals the dimension
of the column space of A over F,. Removing all

duplicate columns from A gives an adjacency matrix for
the complete graph K,. Thus the dimension of C,(A)
follows from Corollary 1. O

We note that since K; ; _; is the complete graph
K., it follows that the code C,(A) of that graph is trivial,
ie. itis an [r,r —1,2] code if r =1 (mod p) and an
[r,r,1] code if r #1 (mod p). Therefore, from now
on we will consider only the codes C,(A) of K,
where n; # 1 for some 1 <i <r.

What we need to do next is to determine the
minimum weight for the code C,(A). To do this we

look at the structure of its dual code C, (A)! and then

use it to obtain the minimum weight for C,(A) in the
next two sections.

1512500051

THE DUAL CODES

In order to obtain the minimum weight of the code
from the complete multipartite graph K, , ., we
need to consider its dual code. In this section, the
minimum weight for the dual code are determined
and bases of minimum-weight vectors for the code are
constructed.

Proposition 2 Let A be an adjacency matrix for the
graphT =K, ., . . Foranyvector uof weight 2, uis in
the dual code C, (A of T ifand only if u = a (v —v?)
where a € F,\{0} and x and y are distinct vertices in
the same part of the vertex set of T.

Proof: Let u be any vector of weight 2. If
u=a(*—vY), where a € IE‘p\{O} and x and y are
distinct vertices in a part V; of V for some 1 <i <,
then for any 1 < j < r, we have

(u,v®) = Z a(V*=v")(@)vEi(a)

agV
=a(VvBi(x)—vEi(y))
=0 mod p,

so thatu € CP(A)l.
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Conversely, assume that u is in C, (A)* with
supp(u) = {x,y}. If x and y are in distinct parts of
the vertex set V of T, say x € V; and y € V;, where
1<i,j<randi#j, then

(w,v?) = uCe P () +u(y WP () = u(y) #0,

a contradiction to the fact that v¥ € C b (A). Thus, x and
y must be in the same part, say V;, of V. This implies
that for any j such that 1 < j < r with j # i, we have

0= (u, va) =u(x)+u(y),
or u(x) = —u(y) = a € F,\{0}. Thus,
u=u(x)v*+u(y)’ =av*—av’ =a(v*—v¥).

d

We observe that if A is an adjacency matrix for

Ky n,..n» then any vector of weight one is not in

CP(A)l. For if w is any vector of weight one with

nonzero entry at a vertex x in V, then we choose a
part of V not containing x, say V;, to obtain

(w, vB:) = w(x)vBi (x) = w(x) # 0.

Therefore, the minimum weight of CP(A)L is 2 by
Proposition 2. Thus by Proposition 1 we have the
following.

Corollary 2 Let A be an adjacency matrix for K,

and n =Y. n;. Then the dual code CP(A)l of the graph
i=1

is [n,n—r+1,2], if r =1 (mod p) and [n,n—r,2], if

r #1 (mod p).

We now establish bases of minimum-weight vec-
tors for the dual code C, (A)* of the graph Kiyngon,
with adjacency matrix A, where r # 1 (mod p).
Such bases cannot be found for the case where
r =1 (mod p).

Recall that we denote by (i,j) the j-th vertex in
a part V; of the vertex set V of K,, ,, ., for1<i<
r and 1 < j < n;. Thus a vector of the form v/ —
vk where 1 <i<rand 1< j, k< n; with j # k, has
weight 2 with support a subset of V;. By Proposition 2,
that vector is in Cp(A)L.

Proposition 3 Let A be an adjacency matrix for
Kp ..o, with r # 1 (mod p). Then for each i such that
1 <i<r and fixed k; such that 1 < k; < n;, the set

,
U (=0 11< <, j # k)
i=t+1

is a basis of minimum-weight vectors for the dual code
CP(A)l where t is the number of n;’s equal to 1.
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Proof: The set given in the theorem has cardinality

r

> (;—1)=n—r =dim(c,@)"),

i=t+1

.
where n = Y. n;, and is linearly independent as
i=1

( Z Z (v(i’j)—v(i’k")))(io,jo)

i=t+1 j=1
_ {—Cio,jo
Cio. o if jo # kiO:

J#ki
for all i; and j, such that t+1 < iy <rand 1< j, < ny,
with j, # k;, where ¢; ; € F, for all t +1 <i < r and
1 <j < n; with j # k;. Thus, that set is a basis for
G, (A" O

if jo = kio:

Proposition 4 Let A be an adjacency matrix for
K, n, With v =1 (mod p). Then the dual code of the

LS BLL PRER
graph has no bases of minimum-weight vectors.

Proof: Let M be a matrix whose row vectors are all
vectors of minimum weight in C, (A)* of the form v* —
vY for all distinct vertices x and y in the same part of
the vertex set V of the graph. If the first ¢ parts of V
are all of cardinality one, where 0 < t < r, and the row
vectors of M are indexed in such a way that those that
have supports contained in the same part of V are in
succession, then the entries in the first t columns of M
are zeros and thus M is a block matrix of the form

0 Mt+1 O 0
O O Mt+2 O

M = . . . . . ?
010 0o |- |M,

where each block M; is an ( ) x n; matrix with two
entries 1 and —1 in each Tow, where t<i<r. The
transpose MT of M is also a block matrix with each
block of size n; x (”21) and with two entries 1 and —1 in
each column. Thus the sum of the row vectors in each
block of MT is 0 so that each block has p-rank less than

n; for t <i < r. Therefore,

Zr: (n;—1)

i=t+1

rank, (M) = rank,(M") <

=n—r
<n—r+1
= dim(C,(A)").

This implies that any (n—r+1)-set of minimum-weight
vectors in C, (A)* are not linearly independent and so

cannot be a basis for C,(A)*. O
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Though the dual code C, (A)* from Ko, ny,...n, With
adjacency matrix A has no bases of minimum-weight
vectors if r =1 (mod p), we found its basis whose
almost all vectors have minimum weight.

Proposition 5 Let A be an adjacency matrix for
K, ny,.on, Withr =1 (mod p).
—nt—l where 1<t <r,andn; =

(1) lfnl =Ny =
2 for all t <i <, then the set K given by

K= {Zv +Z (”‘)}

i=t+1

U [ (v 1< <y}

i=t+1
is a basis for Cp(A)i.

(ii) Ifn; = 2 forall 1 <i <, then the set K’ is a basis
for CP(A)L where

r
K = {v(l’j) + V1< < nl}
i=2

r
DU v (1< <}
i=2

Proof: To proof the first part, we note that

K| =14n—r=dim(C,(A)"),

.
where n = Y’ n;, and each vector
i=1

Zv + Z ()

i=t+1

inK is in C,(A)" as

( b Zv s <m>)

i=t+1
—Z vEe(i, 1)+Z VB (i, n;)
i=t+1
_Jt=D+(r—t)=0 modp, ifl1<k<t,
- t+(r—t—1)=0 mod p,  otherwise,

for all 1 < k < r. Furthermore, it can be shown that if

SR RCD UACECOR
i=t+1 i=t+1 j=
where ¢ and ¢;; for t +1<i<rand 1<j<n; are

scalars, then x(1,1) = ¢ = 0 and x(i,j) = ¢;; = 0 for
al t+1<i<rand1<j<n. SoKlshnearly
independent, and thus, a basis for C, (A)*.

www.scienceasia.org


http://www.scienceasia.org/
www.scienceasia.org

54

To prove the second part, we observe that for any
r
j such that 1 < j < n, the vector v + > v in K
i=2
is in CP(A)L since

r r
(ka, v 4 Z v(i’”f)) =vP(1, )+ Z vPe(i,n;)
i— i=2

=0 modp
for all 1 < k < r. Moreover, if
! r roni—1
k=1 i=2 i=2 j=1

where ¢, and ¢;; for 1 <k <n;, 2<i<rand1<
j < n; are scalars, then x(1,k) = ¢, = 0 and x(i,j) =
¢j=0forall1<k<mn,2<is<rand 1<j<n,
which implies that K’ is linearly independent. Since
K'|l=n—r+1= dim(Cp(A)l), it follows that K’ is a

basis for CP(A)l. O
THE MINIMUM WEIGHT

We determine in this section the minimum weight of
the codes from K, ,, . . Recall that we partition the
vertex set V of the graph into sets V;,V,, ..., V, where
|Vi] =n; for 1 <i<r. The following is required to
obtain the nature of codewords in the codes.

Lemma 1 Let A be an adjacency matrix for K, . ., .

(i) Any codeword in the code C,(A) has support a union
of some parts of the vertex set of the graph.

(ii) C,(A) contains the all-one vector if and only if r £ 1
(mod p).

Proof: To prove the first part, we let u be any codeword
in C,(A) with support S and let V; for 1 <i < r be a part
of the vertex set V of the graph such that SNV, # @.
Let x € SNV,. If there exists a vertex y in V; that is not
in S, then we have

(v =v") =u(x)—u(y) = u(x) #0,

a contradiction to the fact that v* —v” is a vector
in Cp(A)l by Proposition 2. Thus, a part of V that
contains any vertex in S is a subset of S.

For the second part, we have in the previous two
sections that if  Z 1 (mod p), then the all-one vector J
is in C,(A). Conversely, if r =1 (mod p), then by
Proposition 5, we have that either the vector

u= Zt:vvf + Zr: y(m)
i=1

i=t+1

or

-
u= v(l,l) + Z V(i)ni)
i=2

is in the dual code C, (A)t, and since
(u,J)=r# modp, it follows that j is not
in C,(A). m|
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Proposition 6 Let A be an adjacency matrix for

nny,.on, With np S ny < --- < n.. Then the code
C,(A) of the graph has minimum weight ny+n, if
r =1 (mod p) and n; if r # 1 (mod p).

Proof: Note that for any distinct i and j such that 1 <
i, j <r, the vector v’ —v% in C,(A) is of the form v" —
v%. Thus C,(A) contains codewords of weight n; +n;
for 1 <i,j <r with i # j. Note also that the all-one
vector j can be in the form of v5 +v" for 1 <i <r.
Therefore, if r =1 (mod p), then by Lemma 1, part (i),
J is not in C,(A), which implies that all the vectors A
for 1 <i < r cannot be in C,(A), and hence Lemma 1,
part (i), gives n; +n,, the minimum weight of C,(A).
If r # 1 (mod p), then again by Lemma 1, j is in
Cp(A) and thus all the vectors v%’s are also in C,(A)
and those of weight n; are minimum-weight vectors
in C,(A). |
From Proposition 1 and Proposition 6, the main
parameters of the codes from K, ,, . and the nature

of their codewords of minimum weight are obtained.

Corollary 3 Let A be an adjacency matrix for K,

where r =1 (mod p). Then

(1) the set {vVi —vWr|1<i< r} is a basis for C,(A);
r

FLLC TR L

(i) any codeword in C,(A) is of the form )} a;v"i where
i=1
r—ll
o €F,for1<i<randa,=—, a;

i=1
(iii) if n; < ny < --- < n,, then the code C,(A) is

-
an [ Sn,r—1,n + nz] code and codewords of
i=1 P

minimum weight in C,(A) are vectors of the form
a(vi—v") for a € F,\{0} and i and j such that
1<i,j<r,i#j,n;=n; and n; = n,.

Corollary 4 Let A be an adjacency matrix for Ky, . .

where r =1 (mod p)and n; < ny, <--- < n,.

(i) The code Cy (A) has a basis of minimum-weight
vectors if and only if n, = n,.

(i) Ifn; <ny=nz=---=n,, then C,(A)isan [n;+(r—
1)ny, r—1,n, +ny], code with a basis of minimum-
weight vectors of the form v'1 —vVi forall 2 < j <r.

(iii) If the n;’s are all equal, then C,(A) is an [rn,,r—
1,2n;], code, and for any fixed iy such that 1 <
iy < 1, the vectors of minimum weight of the form
vo —vVYi for 1 <j < r with j # i, form a basis for

C,(A).

Proof: We prove only Part (i) as Part (ii) and (iii) follow
from that and Corollary 3.

It can be shown that the set S of minimum-weight
vectors of the form v"* —v%i forall jsuch that 2< j <r
and n; = n, is linearly independent. Since S| <r—1,
it follows that S is a basis for C,(A) if and only if n, =

nz. D
Corollary 5 Let A be an adjacency matrix for the graph
Kn, ny,..n, wherer #1(mod p) and ny; <ny <--- <n,.
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(i) The code C,(A)is an [ >, nl] code with a basis
p

i=1
Pri<is<rl

(ii) Codewords of minimum weight in Cp(A) are vectors
of the form av"i for a € F,\{0} and for i such that
1<i<randn; =n,.

(iii) C,(A) has a basis of minimum-weight vectors if and
only if n, = n;.

Corollary 6 Let A be an adjacency matrix for Ky, . .
with r # 1 (mod p). Then the code C,,(A) is doubly-even
if and only if all the n;’s are divisible by four.

Proof: By Corollary 5, the vector v" is in C,(A) for
all 1 <i<r. If C,(A) is doubly-even, then 4 | n; for
all 1 <i<r. Conversely, if 4 | n; forall 1<i<r,
then by Lemma 1, every codeword has weight, which
is equal to the sum of the cardinalities of some parts of
the vertex set and thus is divisible by four. a

We now establish necessary and sufficient condi-
tions for the codes from K, ,,, . to be self-orthogonal
and self-dual.

Proposition 7 Let A be an adjacency matrix for
Ky n,...n- Then the code C,(A) of the graph is self-

ny,ny

orthogonral if and only if n; is divisible by p for all

1<i<r.
r, (vB,vP)

otherwise, where

Proof: Note first that for any 1 < i,j <
isn—n; if i =j and n—n;—n;

j
n= > n;. Thus, if p|n; forall 1 <i

i=1
giving ( Bi v J) Omodp for all 1 <i,j <
hence C,(A) € C, (A)*.

Conversely, assume that C,(A) is self-orthogonal.
Then (vBi,vB) =0 for all 1 <

<r,thenp|n

r, and

i < r, obtaining

n+ny+---+n_;+n.,+---+n.=0 modp

for all 1 <i < r. This gives a system of linear equation
A(K,)x =0 over F, where A(K, ) is an adjacency matrix
of the complete graph K,. If r# 1 (mod p), then
rank,, (A(K,)) = r by Corollary 1, so that the nullity
of A(K,) is 0, yielding n; = 0 (mod p) or p | n; for all
1<i<r.

In the case where r = 1 (mod p), we obtain
rank, (A(K,)) = r —1, giving the nullity of A(K,) equal
to 1. Note that in this case the null space of A(K,)
is spanned by the vector (1,1,...,1). Thus, n; = a
(mod p) for all 1 <i <r, where @ € F,. By the
assumption, we have

(VB vBi) = n—n;—n;=(r—2)a=0 (mod p),

where 1 <i,j <r and i # j. This implies that a =0
(mod p). Therefore, p|n; forall 1< i <r. O

Proposition 8 Let A be an adjacency matrix for
Ku, ..., With ny < - < n,. Then the code C,(A)

is self-dual ifand only if p =2, r is even and n; = 2for
al1<i<r.

nz\'
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.
Proof: Let n = Y. n;.

i=1
for all 1 < i < r, then by Proposition 7, we have
C,(A) < Cp(A)L, and since n = 2r, it follows by Propo-

sition 1 that

If p=2, riseven and n; = 2

dim(C,(A) =r = g = dim(C, (A1),
yielding C,(4) = C,(A)*.

Conversely, assume that C,(A) is self-dual. Then by
Proposition 2, the minimum weight of the code must
be 2. If r =1 (mod p), then by Proposition 6 we have
n; +n, = 2 so n; =n, =1, which contradics to the
fact that p | n; by Proposition 7. Thus, r # 1 (mod p).
By Corollary 5, dim(C,(A)) = r and n; = 2. Again
by Proposition 7, we obtain p = 2, and thus for each
2<i<r,n; =2t; for some positive integer t;. By the

assumption, we haver =5 =1+ Z t;, y1eld1ng t;=1

forall 2 <i <r. Therefore, n; = 2 for all<i<r. O

HULLS OF THE CODES

The hulls Hull(C,,(A)) of the codes C,,(A) from an adja-
cency matrices A of the graph K, , ., are examined.
Note from Proposition 7 that if n; = 0 (mod p) for all
1<i<r, then Hull(C,(A)) = C,(A). Thus, we will
consider only the graph where n; # 0 (mod p) for some
1 <i < r. We note here that a coordinate of a vector
x corresponding to the j- th vertex of the i-th part of
the vertex set V of the graph will be written as x; ; for
1<i<randl1<j<n.

Lemma 2 Let A be an adjacency matrix for K, ., .
where r =1 (mod p). Then any vector x in Hull(C, (A))
is of the form

)

n, terms

x=(Xl,...,xl,X2...,Xz,...,xr,..

n, terms ny terms

where x; € F, for 1 <

.
rand ). x; =0.
i=1

i <1 such that n;x; = njx; for

1<i,j <

Proof: Since any vector x in Hull(C,(A)) is orthogonal
to all the vectors in C,(A) and CP(A)L, it follows by
Corollary 3, part (i), that (x,v% —v"") =0 or

n; n,
2 Xij = E :xr,j
j=1 j=1

By Proposition 5, we consider two cases of the n;’s.
Ifn=1foralll<i<tandn;>1fort<i<r,

then x is orthogonal to all the vectors in the set K of

Proposition 5, part (i), and thus we have the following:

lel+len,: (3)

i=t+1
fort<i<

foralll<i<r. 2)

Xij = Xin, rand1<j<n;.. (4)
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In this case, we have by (4) that for each i such that
t <i<r, all the coordinates of x corresponding to
the vertices in the same part V; of V are equal, and
we assume that they are equal to some x; in F,,

xj=x;forallt<i<rand1<j<n;. Thus Eq (2)
asserts that n;x; =n,x, forallt <i<r.For1 <i<t,
we have again by (2) that x; ; =n, x, asn; = 1. If welet
x; = x;; forall 1 <i < t, then we obtain n;x; = n,x,

i <r. Also, Eq. (3) yields >} x; =0, and
i=1

for all 1 <

hence we have the theorem.

In the case where n; 2 2 for all 1 <i <r, we
consider the set K’ in Proposition 5, part (ii). Since
all the vectors in K’ are orthogonal to the vector x, it
follows that

+me—0 for1<j<ny, )

x;j =%, for2<i<randl1<j<n;. (6)

Then Eq. (6) gives all the coordinates of x which are
in the same part V; of V and are equal to some x; in F,,

Zx

]<Tl1,

for all 2 <i<r. Also Eq. (5) provides x; ; =

for 1 < j < ny, and if we let x; j = x; for 1 <

then Z x; =0. i

i=1

Now to determine the dimension of Hull(C,(A)),
we consider cardinalities of the components of the
graph K, . . as we did in the previous sections
entitled Codes from Ky, ny,...n, and The dual codes. The
following shows that if all of those not divisible by p,
then Hull(C,(A)) is a trivial code.

Proposition 9 Let A be an adjacency matrix for
Ky, n,,..n, where r =1 (mod p) and n; # 0 (mod p) for

allliz< i <r. Then
S 1=90 d p),
dim (Hull(C, (4))) = i 2um (mod p)

0 otherwise.

Proof: Let x € Hull(C,(A)). We assume by Lemma 2

that the coordinates of x corresponding to the ver-

tices in the same part of the vertex set are equal to

X1,X9,...,X,, Where n;x; =n,x, forall 1 <i <r and
r

>, x;=0. Since x; =n;'(n,x,) modp forall 1 <i<
i=1

r and n, # 0 (mod p), it follows that (Z
=1

ni_l)xr =0.
.
Thus, if ) n;' # 0 (mod p), then x, = 0 which implies
i=1
.
If > nt
i1

that x = 0. =0(mod p), then x can be
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ScienceAsia 49S (2023)

written as x,u where

— (-1 -1 -1 -1
u—(n1 Mpyeros Ny Ny Ny Mpeel, N, N,
n; terms n, terms
-1 -1
N (P (UGN (SR (MR 1,1,...,1).
n,_, terms n, terms

This shows that Hull(C,(A)) is Span(u) if n;'=0
i=1
o

(mod p), and {0} otherwise.

Proposition 10 Let A be an adjacency matrix for
Ky, ny,...n, With r =1 (mod p). If n; ,n;,,...,n; areall
cardinalities of some parts of the vertex set such that
n;, =0(mod p) for all 1 < j < m, where l <m <,
then
() dim (Hull(C,(4))) =
(ii) if m = 2, then the set {v i—yVim | 1< ]<m} isa
basis for Hull(C (A)) and any vector in Hull(C,,(A))

m—1;

LsoftheformZav i, where a; € F,, for 1 <
j=1

m—1
— Z a;.
j=1

j<m
and a,, =

Proof: We relabel the cardinalities n;’s so that n; =0

(mod p) for all 1<i<m. Now let x € Hull(C,(A)).

We again assume by Lemma 2 that the coordinates

of x corresponding to the vertices in the same part

of the vertex set are equal to xq,x,,...,X,, where
r

i<rand Y x; =0. Note that
i=1

n;x; =n.x, forall 1 <
as n; = 0 (mod p), we obtain
n.x, =n;x; =0 mod p.

Since n, #Z 0 (mod p), it follows that x, = 0, and thus
X1 =+ =X,_; = 0. Therefore, if m=1, then x; =0
for2<i < rsothatx; =0, and thus x = 0. In this case,
Hull(C,(A)) = {0}.

Now we assume that m = 2. Then

Xm = X1 —Xog— "~ Xp—1,

and hence x can be written as

x =29 a0 e x g vV
(=X =Xy = =Xy V"
=x, (V1 —vVm) + x, (V2 — ')
o Xy (VY — V), 7

Note that since v¥i —vYn = yBn —yBi for all 1 <

m, the vectors (vVl—v )s are in the code C (A)
Those vectors are also in C,, (A)* as they are orthogonal
to the vectors v for all 1 < k < r. Furthermore,
Eq. (7) shows that the set S of those vectors spans


http://www.scienceasia.org/
www.scienceasia.org

ScienceAsia 49S (2023)

Hull(C,(A)), and it can be shown that S is linearly
independent. Therefore, S is a basis for Hull(C,,(A)),
giving dim (Hull(Cp(A))) =m-—1. m|

From Proposition 10, part (ii), we obtain the
following.

Corollary 7 Let A be an adjacency matrix for the graph
Ky, n,,..n, with r =1 (mod p). If n; ,n;,...,n; areall
cardinalities of some parts of the vertex set such that

n; =O(modp)for al 1<j<m where2<m<r,

andn n2< - < n; , then

6] the minimum welght of Hull(C (A))is n; +n;,

(ii) all the vectors of minimum Welght in Hull(C (A))
are of the form a(vvfl —v% )for alla e IFP\{O} and
all j such that 1 < j < mandn =n;,

Proof: The vector Vi — vV of weight n; +n; is in

Hull(C,(A)) for any j and k such that 1 < j,k < m and

j # k, and every vector of the form v" forall 1 <i <r

is not in the code C,(A). |
We summarize in the case of r = 1 (mod p) the

structure of the hull of the code from K;, ,,, .

Corollary 8 Let A be an adjacency matrix for K,,
with r =1 (mod p).

(1) Ifn; Z0(mod p) forall 1 <i <
(mod p), then C,(A) is an LCD code.

(i) If n; Z 0 (mod p) for all 1 < randan—O
(mod p), then Hull(C,(A)) isan [n,1,n] code where
n= Z n;.

(iii) Ifthere exists only one n; such that n; = 0 (mod p),
then C,(A) is an LCD code

@iv) Ifn;,n;,...,n; are all cardinadlities of some parts

of the vertex set such that n, =0 (rnod p)for all1 <

j<m, wher62<m<randn Sn, S--S<n,
then Hull(C,(A)) is an [n,m—1,n; +n ]code

15125000510

r and Zn

i=1

We now examine further in the case where r # 1
(mod p).

Lemma 3 Let A be an adjacency matrix for K, ., .
with r #1 (mod p). Then any vector x in Hull(C,,(A))
is of the form

x:(xly'--;XI:XZ"'5X27 > Xrs -;xr)
~—— ~——
n, terms n, terms n, terms

where x; €F, and n;x; =0 mod p forall 1<i<r.

Proof: Let x € Hull(C,(A)). Then by Corollary 5, part
(i), we have (x,v") =0 or

n
in,j =0 mod p foralll1<i<r, 8

j=1
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and by Proposition 3, x; ; = x;, for all t <i<r and
1 < j < n;, where t is the number of n;’s equal to 1.
So the coordinates of x corresponding to the vertices
in the same part of the vertex set are equal, and we
assume that they are equal to x; in F,, for t <i <r. By
(8), we obtain

-+ =n,x, =0mod p.

X1 = Xg =" = X = N1 X1 =

O

Proposition 11 Let A be an adjacency matrix for

Kn, ..., with r 1 (mod p).

@) Ifn; Z0(mod p) forall 1 <i <
LCD code.

(i) If n;,ny,,...,n; are all cardindlities of some parts
of the vertex set such that n;, =0 (mod p) for all
1<j<m, wherel < m<randn Sn, <0 S

n; , then Hull(C (A)) is an [n,m, n N code Wlth a

basis {v i1< m} Further, all the vectors of
minimum welght in Hull(C,(A)) are of the form
av"i where a € F,\{0} and 1 <j <

Tll-j = Tll-l .

r, then C,(A) is an

m such that

Proof: Let x € Hull(C,(A)). By Lemma 3, n;x; = 0
for all 1 < i < r, where x; is the coordinates of x
corresponding to the vertices in the i" part of the
vertex set for all 1 <i<r. If n; Z 0 (mod p) for all
1<i<r, then x; —0fora111<l r, giving x = 0.
Thus, in this case, Hull(C,(A)) = {0}.

Assume that n, = O (mod p) for all 1<j<m
where 1 <m <r. Thenx, =0forall k & {i,i,,...,1,
so that x can be in the form of x = xilvVil + xizvViz +

-+ x; v'm. Note that for each 1 < j < m, we
Sk<r.

have (ka,vVii) =0 for all 1
tors v'i’s are in Cp(A)l. By Corollary 5, part (i),
they are in Hull(C,(A)) and hence form a basis for

Hull(C, (4)). 0

So the vec-

CONCLUSION

This research examines linear codes obtained from the
span of adjacency matrices of connected graphs, the
complete multipartite graphs. The structure of those
codes and their duals including the hulls has shown to
be related to the properties of the graphs. Although the
dual codes have low minimum weight, their structure
can be exploited to determine the minimum weight
and establish bases of minimum-weight vectors for the
codes and the hulls.
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