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a Department of Mathematics, Akdeniz University, Antalya 07058 Turkey
b Faculty of Education, Akdeniz University, Antalya 07058 Turkey
c Finike Republic Vocational and Technical Anatolian High School, Antalya 07940 Turkey

∗Corresponding author, e-mail: sinemsezer@akdeniz.edu.tr
Received 6 Aug 2021, Accepted 22 Jul 2022

Available online 10 Oct 2022

ABSTRACT: In this paper, a family of truncated hypersingular integrals depending on a parameter ε and generated by
the generalized Poisson semigroup is introduced. Then the convergence rate of these families of truncated hypersingular
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INTRODUCTION

In the Fourier harmonic analysis, the clasical Flett
potentials are defined in terms of the Fourier transform
F by

F(F α f )(x) = (1+ |x |)−αF( f )(x), x ∈ Rn, α > 0,

where the equality is understood in the sense of distri-
bution theory [1]. This potentials are interpreted as a
negative fractional powers of the operator (E+(−∆)

1
2 ).

Here E is the identity operator and ∆ is the Laplacian.
Finding inversion formulas for potentials such as

Riesz, Bessel, Flett, parabolic potentials, etc., and
examining their approximation properties have been
interesting topics in harmonic analysis.

The hypersingular integral technique, a very pow-
erful tool for inversion of potentials, was introduced
and studied by [2–6] and others.

In [7](see also [2, pp 217–222]), Rubin intro-
duced some families of “truncated” hypersingular in-
tegrals generated by the classical Gauss-Weierstrass
semigroup, and obtained new inversion formulas for
classical Riesz and Bessel potentials, reducing the mul-
tivariate problem to the univariate problem. Recently,
using this technique the explicit inversion formulas for
the classical Riesz, Bessel, Flett potentilas and their
approximation properties were studied by [8–13].

In the framework of the Fourier-Bessel harmonic
analysis associated with the Laplace-Bessel differential
operator, the similar studies have been investigated by
[14–16].

The aim of this article is to define a new “trun-
cated” hypersingular operator family, associated with
the generalized singular Bessel differential operator

defined by

∆ν =
n
∑

k=1

�

∂ 2

∂ x2
k

+
2νk

xk

∂

∂ xk

�

, ν1, . . . ,νn > 0, (1)

for the generalized Flett potentials and obtain the
“rate of convergence” of this family to ϕ(x0) as ε
tends to zero for the function ϕ ∈ Lp,ν with the some
smoothness property at x0 ∈Rn

+. The generalized Flett
potentials, associated with ∆ν, are formally defined in
terms of Fourier-Bessel transform Fν by

Fν(F α
ν f )(x)=(1+|x |)−αFν( f )(x), x ∈Rn

+, α> 0. (2)

These potentials are interpreted as negative fractional
powers of the operator (E +(−∆ν)1/2).

In this article, we firstly introduce “a new family of
the generalized truncated hypersingular integral oper-
ators Dαε f , (ε > 0)” generated by generalized Poisson
semigroup associated with ∆ν. Secondly, using this
we obtain some relationship between the “order of
smoothness” of function ϕ and for the generalized
Flett potential F α

ν ϕ, the “rate of convergence” of the
familiesDαεF

α
ν ϕ(x0) toϕ(x0) as ε tends to zero, where

ϕ ∈ Lp,ν has some smoothness properties at x0 ∈ Rn
+.

PRELIMINARIES

Let Rn
+ = {x | x = (x1, x2, . . . , xn) ∈ Rn, x i > 0, i = 1,

. . . , n} and

Lp,ν ≡ Lp,ν(Rn
+)

=

�

f : ‖ f ‖p,ν =
�

∫

Rn
+

| f (x)|p x2ν dx
�1/p

<∞
�

where 1 ¶ p <∞, ν = (ν1, . . . ,νn), νi > 0 for i =
1, . . . , n and x2ν dx = x2ν1

1 · · · x2νn
n dx1 dx2 · · · dxn. In
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the case p =∞ we identify L∞,ν with C0 = C0(Rn
+),

the corresponding space of continuous functions van-
ishing at infinity.

Fourier-Bessel transform Fν of a function f are
defined by

(Fν f )(x) =

∫

Rn
+

f (y)
� n
∏

k=1

jνk−
1
2
(xk yk)

�

y2ν dy

where jλ(τ) = 2λΓ (λ+ 1)Jλ(τ)τ−λ; (τ > 0,λ > − 1
2 ),

Jλ(τ) is the Bessel function of the first kind (see for
detail [17]).

For x ∈ Rn
+, y ∈ Rn

+ the generalized translation
operator of a function f : Rn

+→ C is defined by [15],

T y f (x) = π−n/2
n
∏

k=1

Γ

�

νk +
1
2

�

Γ−1(νk)×

∫ π

0

· · ·
∫ π

0

n
∏

k=1

sin2νk−1αk f
�q

x2
1 −2x1 y1 cosα1+ y2

1 ,

. . . ,
q

x2
n −2xn yn cosαn+ y2

n

�

dα1 · · · dαn.

It is note that T y is closely connected with the Bessel
differential operator

Bt =
d2

dt2
+

2ν
t

d
dt

, 0< t <∞.

Here, we deal with the Bessel translation with in x =
(x1, x2, . . . , xn), which is defined by

Bs f (t)=
Γ (ν+ 1

2 )

Γ (ν)Γ ( 1
2 )

∫ π

0

f
�
p

t2−2ts cosθ+s2
�

sin2ν−1θ dθ .

It is well known that for 1¶ p ¶∞ (see [18])

‖T y f ‖p,ν ¶ ‖ f ‖p,ν, (3)

‖T y f − f ‖p,ν→ 0 as |y| → 0. (4)

The generalized Poisson kernel is defined as

pν(y, t) =
Æ

c(n,ν)
1
p
π

2v1+···+νnΓ ( n+1
2 +ν1+ · · ·+νn)

×
t

(|y|2+ t2)
n+1

2 +ν1+···+νn
, (5)

where c(n,ν) =
�∏n

k=1 22νkΓ 2(νk +
1
2 )
�−1

. Note also
that (see [19])

‖pν(·, t)‖1,ν = 1, ∀t > 0. (6)

Given a function f , we introduce the generalized
ν-maximal function

(Mν f )(x) = sup
r>0

1
rn+2ν1+···+2νnω(n,ν)

∫

B+r

|T y f (x)|y2νdy, (7)

where B+r =
�

y ∈ Rn
+ : |y|¶ r

	

and ω(n,ν) =
∫

B+1
y2ν dy .

Note that for f ∈ Lp,ν (see [15, 20])

‖Mν f ‖p,ν ¶ c‖ f ‖p,ν, 1< p ¶∞. (8)

We define the generalized Poisson integral (semi-
group) Pt f , (t > 0) generated by the generalized
translation operator as follows.

(Pt f )(x) =

∫

Rn
+

pν(y, t)(T y f (x))y2ν dy. (9)

The following lemma gives some properties of the
generalized Poisson integral Pt f , which will be used
later.

Lemma 1 ([19]) Let f ∈ Lp,ν and Pt f is defined as in
(9). Then,
(i)

‖Pt f ‖p,ν ¶ ‖ f ‖p,ν, 1¶ p ¶∞, ∀t > 0; (10)

(ii)

sup
x∈Rn

+

|Pt f (x)|¶ c t−(n+2ν1+···+2νn)/p‖ f ‖p,ν, (11)

where 1¶ p <∞ and c is independent of t;
(iii)

sup
t>0
|Pt f (x)|¶ (Mν f )(x); (12)

(iv)

Pt(Ps f )(x) = (Pt+s f )(x), t, s > 0; (13)

(v)
lim
t→0+
Pt f (x) = f (x), (14)

where the limit is in the Lp,ν (1 ¶ p <∞) sense or
pointwise for almost all x ∈ Rn

+. If f ∈ C0, then the
convergence is uniform on Rn

+.

Using the generalized Poisson integral Pt f , we
define modified generalized Poisson integral as

(P m
t f )(x , t) = e−t(Pt f )(x), 0< t <∞. (15)

For t = 0 we set

(P0 f )(x) = (P m
0 f )(x , 0) = f (x).

The generalized Flett potentials F α
ν initially de-

fined by (2), can be represented as an integral operator
(see [16, p 120]),

(F α
ν f )(x) =

1
Γ (α)

∫ ∞

0

tα−1 e−t(Pt f )(x)dt, (16)
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and by making use of the notionP m
t f defined as (15),

Eq. (16) can be write as follows.

(F α
ν f )(x) =

1
Γ (α)

∫ ∞

0

tα−1(P m
t f )(x , t)dt. (17)

Eq. (17) shows that there is a relation between the
generalized Flett potentials and the modified general-
ized Poisson integral.

In addition, it is not difficult to show that

‖F α
ν f ‖p,ν ¶ ‖ f ‖p,ν, 1¶ p ¶∞, ∀α > 0. (18)

The finite difference with order l ∈N and step τ ∈
R of the function g(t), (t ∈ R) is defined by

∆l
τ[g](t) =

l
∑

k=0

�

l
k

�

(−1)k g(t + kτ). (19)

By making use of this finite difference and modi-
fied generalized Poisson semigroup (P m

t f ), we can de-
fine the following “Balakrishnan-Rubin type truncated
integral” (see [2, p 220]).

Definition 1 Let f ∈ Lp,ν, 1¶ p<∞, α> 0 and l >α,
(l ∈ N). Then the construction

(Dαε f )(x) =
1
ℵl(α)

∫ ∞

ε

∆l
τ

�

(P m
· f )(x)

�

(0)
dτ
τ1+α

=
1
ℵl(α)

∫ ∞

ε

�

l
∑

k=0

�

l
k

�

(−1)k e−kτ(Pkτ f )(x)
� dτ
τ1+α

(20)

will be called a “generalized truncated integrals” with
parameter ε > 0. Here the normalized coefficient
ℵl(α) is defined by

ℵl(α) =

∫ ∞

0

(1− e−t)l t−1−α dt.

The following lemma, gives us that there is a
close connection between the construction (20) and
the generalized Flett potential (F α

ν f ).

Lemma 2 ([15]) Let ϕ ∈ Lp,ν, (1 ¶ p <∞) and 0 <

α<
n+2(ν1+···+νn)

p . Then for any ε > 0 and for a.e. x ∈Rn
+

(DαεF
α
ν ϕ)(x) =

∫ ∞

0

K (l)
α (η)(P

m
εηϕ)(x ,εη)dη, (21)

where the function K (l)
α (η) is defined by

K (l)
α (η) =

1
Γ (1+α)ℵl(α)

1
η

l
∑

k=0

�

l
k

�

(−1)k(η− k)α+,

(η− k)α+ =

�

(η− k)α, η > k,
0, η¶ k.

The next lemma gives some properties of the func-
tion K (l)

α (η) that will be used later.

Lemma 3 ([2, 6])
(i) K (l)

α (η) ∈ L1(0,∞) and
∫∞

0 K
(l)
α (η)dη= 1;

(ii) K (l)
α (η) =

�

O(ηα−1), η→ 0+

O(ηα−l−1), η→∞.

Definition 2 Let ρ ∈ (0,1) be a fixed parameter and
the function µ(r), (0 ¶ r ¶ ρ) be continuous and
strictly increasing on [0,ρ] and µ(0) = 0. We say that
a function ϕ ∈ Lloc

1,ν(R
n
+) has µ-smoothness property at

a point x0 ∈ Rn
+ if

(Sµϕ)(x0)≡ sup
0<r¶ρ

1
rn+2(ν1+···+νn)µ(r)

×
∫

B+r

|T xϕ(x0)−ϕ(x0)|x2ν dx <∞. (22)

From now on, we will assume µ(t) ¾ st, (0 ¶ t ¶ ρ),
for some s > 0 and µ(t) = µ(ρ) for ρ ¶ t <∞.

Lemma 4 ([8, 21, 22]) Let a function ϕ ∈ Lp,ν, (1 ¶
p <∞) has the µ-smoothness property at a point x0 ∈
Rn
+, the function ψ(r), (0 ¶ r < ρ) be decreasing,

nonnegative and continuously differentiable on [0,ρ].
Then

∫

B+r

|T xϕ(x0)−ϕ(x0)|ψ(|x |)x2ν dx

¶ (Sµϕ)(x0)
�

ρn+2(ν1+···+νn)µ(ρ)ψ(ρ)

+

∫ ρ

0

rn+2(ν1+···+νn)µ(r)(−ψ′(r))dr
�

. (23)

Proof : Let us take k(x) = |T xϕ(x0)−ϕ(x0)| and x =
rθ , where r = |x |. Then

J ≡
∫

B+r

k(x)ψ(|x |)x2ν dx

=

∫ ρ

0

rn−1+2(ν1+···+νn)ψ(r)
�

∫

|θ |=1

k(rθ )dσ(θ )
�

dr

If we call



















u(r) =

∫

|θ |=1

k(rθ )dσ(θ ),

Ω(r) =

∫ r

0

u(t)tn−1+2(ν1+···+νn) dt,

(24)
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then we get

J ≡
∫ ρ

0

ψ(r)u(r)rn−1+2(ν1+···+νn) dr =

∫ ρ

0

ψ(r)dΩ(r)

=ψ(r)Ω(r)
�

�

�

ρ

0
−
∫ ρ

0

Ω(r)ψ′(r)dr

=ψ(ρ)Ω(ρ)+

∫ ρ

0

Ω(r)(−ψ′(r))dr.

It follows from (22) that

Ω(r) =

∫ r

0

u(t)tn−1+2(ν1+···+νn) dt =

∫

|x |¶r

k(x)x2ν dx

=

∫

|x |¶r

|T xϕ(x0)−ϕ(x0)|x2ν dx

¶ rn+2(ν1+···+νn)µ(r)(Sµϕ)(x0).

Hence,

J ¶ (Sµϕ)(x0)
�

ρn+2(ν1+···+νn)µ(ρ)ψ(ρ)

+

∫ ρ

0

rn+2(ν1+···+νn)µ(r)(−ψ′(r))dr
�

.

2

Lemma 5 Let pν(x ,ε) be the generalized Poisson kernel
defined as in (5), i.e. for x ∈ Rn

+,

pν(x ,ε) =
Æ

c(n,ν) 1p
π

2v1+···+νnΓ ( n+1
2 +ν1+ · · ·+νn)

×
ε

(|x |2+ ε2)
n+1

2 +ν1+···+νn
.

Then there exist c > 0 such that

∫

|x |¶r

|T xϕ(x0)−ϕ(x0)|pν(x ,ε)x2ν dx

¶ c(Sµϕ)(x0)
�

ε+

∫ ∞

0

µ(εt)
dt

1+ t2

�

. (25)

Proof : Let an,ν =
p

c(n,ν) 1p
π

2v1+···+νnΓ ( n+1
2 +ν1+· · ·+

νn). If we take ψ(|x |) = pν(x ,ε) in (23).

∫

|x |¶ρ
|T xϕ(x0)−ϕ(x0)|pν(x ,ε)x2ν dx

¶ (Sµϕ)(x0)
�

ρn+2(ν1+···+νn)µ(ρ)
an,νε

(ρ2+ε2)
n+1

2 +ν1+···+νn

+

∫ ρ

0

rn+2(ν1+···+νn)µ(r)(−
an,νε

(r2+ ε2)
n+1

2 +ν1+···+νn
)′ dr

�

.

Since

−ψ′(r) = (−
an,ν ε

(r2+ ε2)
n+1

2 +ν1+···+νn
)′

= c1
εr

(r2+ ε2)
n+3

2 +ν1+···+νn
,

c1 = 2an,ν(n+1)+ν1+ · · ·+νn and

ρn+2(ν1+···+νn)µ(ρ)
an,νε

(ρ2+ ε2)
n+1

2 +ν1+···+νn
¶ c2ε,

c2 = an,ν
µ(ρ)
ρ , for ρ < 1 and c =max{c1, c2} we have

∫

|x |¶ρ
|T xϕ(x0)−ϕ(x0)|pν(x ,ε)x2ν dx

¶ c(Sµϕ)(x0)
�

ε+

∫ ρ

0

ε
rn+1+2(ν1+···+νn)

(r2+ε2)
n+3

2 +ν1+···+νn
µ(r)dr

�

· · · (r = εt, dr = ε dt) · · ·

= c(Sµϕ)(x0)
�

ε+

∫
ρ
ε

0

ε(εt)n+1+2(ν1+···+νn)

(ε2 t2+ε2)
n+3

2 +ν1+···+νn
µ(εt)εdt

�

= c(Sµϕ)(x0)
�

ε+

∫
ρ
ε

0

tn+1+2(ν1+···+νn)

(1+ t2)
n+3

2 +ν1+···+νn
µ(εt)dt

�

¶ c(Sµϕ)(x0)
�

ε+

∫ ∞

0

µ(εt)
tn+1+2(ν1+···+νn)

(1+ t2)
n+3

2 +ν1+···+νn
dt
�

¶ c(Sµϕ)(x0)
�

ε+

∫ ∞

0

µ(εt)
1+ t2

dt
�

,

using the following statement we obtained last in-
equality:

tn+1+2(ν1+···+νn)

(1+ t2)
n+3

2 +ν1+···+νn
=

(t2)
n+1+2(ν1+···+νn)

2

(1+ t2)
n+3

2 +ν1+···+νn

¶
(1+ t2)

n+1+2(ν1+···+νn)
2

(1+ t2)
n+3

2 +ν1+···+νn

=
1

1+ t2
.

2

Corollary 1 Let the function µ(r), (0 ¶ r ¶ ρ < 1) be
continuous on [0,ρ], positive on (0,ρ] and µ(0) = 0.
Let also, µ(t)¾ st, 0¶ t ¶ ρ for some s > 0 and µ(t) =
µ(ρ) for ρ ¶ t <∞. If there exists a locally bounded
function ω(t)> 0 such that for 0< ε < ρ, 0< t <∞,

µ(εt)¶ µ(ε)ω(t) and

∫ ∞

0

ω(t)
1+ t2

dt <∞, (26)

then there exist A> 0 not depending on ε ∈ (0,ρ), such
that
∫

|x |¶ρ
|T xϕ(x0)−ϕ(x0)|pν(x ,ε)x2ν dx ¶ Aµ(ε). (27)
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Proof : By taking into account (26) in (25) and using
the condition

µ(ε)¾ sε, 0¶ ε ¶ ρ,

we obtain desired inequality (27). 2
Now, we will give the examples of the functions

that satisfy all conditions of Corollary 1.

Example 1 Let 0 < γ < 1 and 0 < β <∞. Then the
function

µ(r) =







0, r = 0,
rγ| ln r|β , 0< r < ρ,
ργ| lnρ|β , r ¾ ρ.

satisfies all conditions of Corollary 1 for

ω(t) = tγ(1+
| ln t|
| lnρ|

)β .

Indeed, for 0< ε < ρ and 0< t <∞ we have

µ(εt) =







0, t = 0,
εγ tγ| lnε+ ln t|β , 0< t < ρ

ε ,
ργ| lnρ|β , t > ρ

ε

¶







0, t = 0,
µ(ε)tγ(1+ | ln t|

| lnε| )
β , 0< t < ρ

ε ,
ργ| lnρ|β , t > ρ

ε

¶ µ(ε)ω(t), 0< ε < ρ, t > 0,

where ω(t) = tγ(1+ | ln t|/| lnρ|)β .

Example 2 Let 0< γ < 1. Then the function

µ(r) =

�

rγ, 0¶ r ¶ ρ < 1,
ργ, r ¾ ρ

satisfies all conditions of Corollary 1 with ω(t) = tγ.

MAIN RESULTS

Theorem 1 Let the function µ(r), (0 < r <∞) satisfy
all conditions of Corollary 1. Further, let the function
ϕ ∈ Lp,ν, (1 ¶ p <∞) has the µ-smoothness property
(22) at a point x0 ∈ Rn

+. If the operator Dαε is defined
by (20) and the parameter l ∈ N satisfies the condition
l > α/2+1, then

|(DαεF
α
ν ϕ)(x0)−ϕ(x0)|= O(µ(ε)) as ε→ 0+, (28)

where F α
ν ϕ, (α > 0) is the generalized Flett potentials

associated with the Bessel differential operator ∆ν.

Proof : By making use of Lemma 2 and Lemma 3(i) we
have

|(DαεF
α
ν ϕ)(x0)−ϕ(x0)|

=

�

�

�

�

∫ ∞

0

K (l)
α (η)(P

m
εηϕ)(x0,εη)dη−

∫ ∞

0

K (l)
α (η)ϕ(x0)dη

�

�

�

�

¶
∫ ∞

0

�

�K (l)
α (η)

�

�|(P m
εηϕ)(x0,εη)−ϕ(x0)|dη. (29)

Let us estimate k0 = |(P m
εηϕ)(x0,εη)−ϕ(x0)|. We have

k0 ¶ (1− e−εη)|(Pεηϕ)(x0)|+ |(Pεηϕ)(x0)−ϕ(x0)|
= k1+ k2.

Since

(1− e−εη)¶ εη and sup
τ>0
|(Pτϕ)(x0)|¶ (Mνϕ)(x0),

we have k1 ¶ k3εη, where (Mνϕ) is the generalized
ν-maximal function.

Now let us estimate k2. Using (6), we can write
the following.

k2 = |(Pεηϕ)(x0)−ϕ(x0)|

=

�

�

�

�

∫

Rn
+

pν(y,εη) [T yϕ(x0)−ϕ(x0)] y2ν dy

�

�

�

�

¶
∫

|y|¶ρ
pν(y,εη)|T yϕ(x0)−ϕ(x0)|y2ν dy

+

∫

|y|>ρ
pν(y,εη)|T yϕ(x0)−ϕ(x0)|y2ν dy

≡ i1+ i2. (30)

Using (27) we have

i1 ¶ Aµ(εη)

where A does not depend on ε and η. Now let’s
estimate i2. If we use Hölder’s inequality, we get

i2 ¶ |ϕ(x0)|
∫

|y|>ρ
pν(y,εη)y2ν dy

+ ‖ϕ‖p,ν

�

∫

|y|>ρ
|pν(y,εη)|p

′
y2ν dy

�1/p′

≡ j1+ j2.

From (5), we have

j1 = |ϕ(x0)|
∫

|y|>ρ

an,νεη

((εη)2+ |y|2)
n+1

2 +ν1+···+νn
y2ν dy

= cεη

∫

|y|>ρ

1

((εη)2+ |y|2)
n+1

2 +ν1+···+νn
y2ν dy

(y = rθ , ρ < r <∞, θ ∈ Sn−1, dy= rn−1 dr dσ(θ ))

= c2εη

∫ ∞

ρ

rn−1

((εη)2+ r2)
n+1

2 +ν1+···+νn
r2(ν1+···+νn) dr

¶ c2εη

∫ ∞

ρ

rn−1

rn+1
dr = c3εη,

where c3 = c3(ρ,η) is independent of ε and η.
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Similarly,

j2 = ‖ϕ‖p,ν

�

∫

|y|>ρ
|pν(y,εη)|p

′
y2ν dy

�1/p′

= ‖ϕ‖p,ν

�

∫

|y|>ρ

(an,νεη)p
′

((εη)2+|y|2)(
n+1

2 +ν1+···+νn)p′
y2νdy

�1/p′

= c4εη

�

∫

|y|>ρ

1

((εη)2+|y|2)(
n+1

2 +ν1+···+νn)p′
y2νdy

�1/p′

(y = rθ , ρ < r <∞, θ ∈ Sn−1, dy = rn−1 dr dσ(θ ))

= c4εη

�

∫ ∞

ρ

r2(ν1+···+νn)rn−1

((εη)2+ r2)(
n+1

2 +ν1+···+νn)p′
dr
�1/p′

¶ c4εη

�

∫ ∞

ρ

rn−1+2(ν1+···+νn)

r(n+1+2(ν1+···+νn))p′
dr
�1/p′

¶ c5εη,

where c5 is independent of ε and η.
As a result, we get the following estimate for (30).

|(Pεηϕ)(x0)−ϕ(x0)|

¶
∫

Rn
+

pν(y,εη)|T yϕ(x0)−ϕ(x0)|y2ν dy

¶ c6(µ(εη)+ εη). (31)

We use the last estimation (31) in (29) using the
conditions µ(εη) ¶ µ(ε)ω(η) and µ(ε) ¾ sε for ε ∈
(0,ρ),

|(DαεF
α
ν ϕ)(x0)−ϕ(x0)|

¶ c7

∫ ∞

0

|K (l)
α (η)|(µ(εη)+ εη)dη

¶ c7

∫ ∞

0

|K (l)
α (η)|(µ(ε)ω(η)+ εη)dη

¶ c8µ(ε)

∫ ∞

0

|K (l)
α (η)|(ω(η)+η)dη. (32)

By making use of Lemma 3(ii) and the formula (26)
we can write

∫ ∞

0

|K (l)
α (η)|ω(η)dη

=

∫ 1

0

|K (l)
α (η)|ω(η)dη+

∫ ∞

1

|K (l)
α (η)|ω(η)dη

¶ c9+

∫ ∞

1

ω(η)
1+η2

(1+η2)|K (l)
α (η)|dη

¶ c9+ c10

∫ ∞

1

ω(η)
1+η2

dη≡ c11 <∞,

when K (l)
α (η) = O(ηα−l−1) as η→∞ and l > α+ 1.

We also have

∫ ∞

0

|K (l)
α (η)|ηdη

=

∫ 1

0

|K (l)
α (η)|ηdη+

∫ ∞

1

|K (l)
α (η)|ηdη

¶ c12+

∫ ∞

1

|K (l)
α (η)|ηdη¶ c13.

Finally, using the summation of these estimations
in (32) we obtain

|(DαεF
α
ν ϕ)(x0)−ϕ(x0)|¶ cµ(ε)

as ε→ 0+, where c being independent of ε. The proof
is completed. 2

Corollary 2 Let µ(t) = tγ, 0 < γ < 1, t ∈ [0,ρ) and
x0 ∈ Rn

+ be a µ-smoothness point of ϕ ∈ Lp,ν. Then

|(DαεF
α
ν ϕ)(x0)−ϕ(x0)|= O(εγ)

as ε→ 0+.
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