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ABSTRACT: This paper is concerned with the exponential stability of travelling waves for a general reaction-diffusion
equation with spatio-temporal delays. Here the travelling waves may be monotone or non-monotone. More precisely,
by means of the weighted-energy method and the nonlinear Halanay inequality, we can prove that the travelling waves
of this equation are exponentially stable, when the initial perturbation around the wave is small in a weighted norm.
In the end, we apply our results to some models.
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INTRODUCTION

In this paper, we will study a general reaction-
diffusion equation with spatio-temporal delays

ut(t, x) = dux x(t, x)

+ F
�

u(t, x),

∫ ∞

−∞
J(x − y) f (u(t − r, y))dy

�

, (1)

t ¾ 0, x ∈ R, combined with the initial datum

u(s, x) = u0(s, x), s ∈ [−r, 0], x ∈ R, (2)

where f may not be monotone or quasi-monotone,
d > 0 and r ¾ 0. Firstly, we give following assump-
tions for (1).
(A1) J(y) ¾ 0, J(y) = J(−y),

∫∞
−∞ J(y)dy = 1,

and
∫∞
−∞ J(y)eλy dy <∞ for λ > 0.

(A2) For K > 0, f ∈ C2([0, K], [0, f (K)]), f (0) = 0,
f ′(0) > 0, 0 < f (x) ¶ f (K) for x ∈ (0, K], and
| f (x)− f (y)|¶ f ′(0)|x − y| for x , y ∈ [0, K].

(A3) F ∈ C2([0, K] × [0, f (K)],R), F(0,0) = 0,
F(K , f (K)) = 0, F(x , f (x)) > 0, ∂1F(x , y) ¶ 0,
∂2F(x , y) > 0, F(x , y) ¶ ∂1F(0,0)x +
∂2F(0,0)y , and ∂i F(x , y) ¶ ∂i F(0, 0) for
(x , y) ∈ [0, K] × [0, f (K)] when i = 1, 2, and
∂1F(x , y) = ∂ F

∂ x (x , y), ∂2F(x , y) = ∂ F
∂ y (x , y).

(A4) There exist 0< θ < K and 0<η< K such that
f is increasing on [0,θ] and F(x , y) = 0 has a
solution x ∈ (0,θ ) for each y ∈ (0,η).

(A5) ∂2F(K , f (K)) f ′(K)+∂1F(K , f (K))¶ 0 for any
r > 0, or ∂2F(K , f (K)) f ′(K)+∂1F(K , f (K))> 0
for 0< r < r̄, when

r̄ =
π− arctan[−(∂1F(K , f (K)))−1M]

M
, (3)

M =
Æ

(∂2F(K , f (K)) f ′(K))2− (∂1F(K , f (K)))2.

It is well known that reaction-diffusion equa-
tions with delays are often used to demonstrate
practical phenomena. And travelling wave solutions
of these equations have been studied universally be-
cause of their important applications. Throughout
this paper, a travelling wave solution of (1) always
refers to a pair (φ, c), where φ = φ(ξ), ξ = x + c t,
is a function on R satisfying

cφ′(ξ) = dφ′′(ξ)

+ F
�

φ(ξ),

∫ ∞

−∞
J(y) f (φ(ξ− y − cr))dy

�

.

Furthermore, ifφ is monotone and bounded, we call
it a travelling wavefront.

For reaction-diffusion equations, monotonicity
and quasi-monotonicity of reaction terms are com-
mon hypotheses to ensure the existence of trav-
elling wave solutions. Without these hypotheses,
many authors have studied the existence of travel-
ling wave solutions. For example, Ma1 established
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PRELIMINARIES AND MAIN RESULTS

In this paper, we assume that C > 0 represents a
generic constant and Ci > 0 denotes a particular
constant. We let I denote an interval, typically
I = R. L2(I) is the space of the square integrable
functions on I and Hk(I)(k¾ 0) is the Sobolev space
of L2-functions f (x) defined on I satisfying f (i)(x)∈
L2(I), i = 1, . . . , k. L2

ω(I) denotes the weighted L2-
space with a weight function ω, ω : R → (0,∞)
is a locally integrable function, with norm defined
by ‖ f ‖L2

ω(I)
= (

∫

I ω(x) f
2(x)dx)1/2. Hk

ω(I) is the
weighted Sobolev space with the norm ‖ f ‖Hk

ω(I)
=

(
∑k

i=0

∫

I ω(x)| f
(i)(x)|2 dx)1/2. Furthermore, we let

T > 0 be a constant, B be a Banach space, and
denote by C([0, T];B) the space of the B-valued
continuous functions on [0, T]. The spaces of the
B-valued functions on [0,∞) can be defined simi-
larly. Furthermore, the space Cunif[−r, T], 0 < T ¶
∞, is defined by

Cunif[−r, T] :=
�

v(t, x) ∈ C([−r, T]×R)
	

such that limx→∞ eµ2 t v(t, x) exists uniformly for t ∈
[−r, T] and µ2 > 0, a constant to be defined later,
and

lim
x→∞

vx(t, x) = 0, lim
x→∞

vx x(t, x) = 0

uniformly with respect to t ∈ [−r, T]. The nonlinear
Halanay inequality is given as follows.

Lemma 1 (Ref. 13) Let z(t) be the solution of the
following linear delay differential equation

z′(t)+ k1z(t)− k2z(t − r) = α f (z(t))+β g(z(t − r)),
z(s) = z0(s), s ∈ [−r, 0],

where k1, k2, α, β are any given numbers, and f (z)
and g(z) satisfy

| f (z)|¶ C |z|m, |g(z)|¶ C |z|n, m> 1, n> 1.

If |k2|¶ k1 for r > 0 or |k2|> k1 for 0< r < r̄ ,

r̄ =
π− arctan

�

k−1
1

q

|k2|2− k2
1

�

q

|k2|2− k2
1

,

then if ‖z0‖L∞(−r,0)<<1,

|z(t)|¶ C‖z0‖L∞(−r,0) e
−νt , t > 0,

for some 0< ν= ν(k1, k2, r)< k1.

the existence of travelling wave solutions for a 
class of delayed nonlocal equations without quasi-
monotonicity by constructing two associated auxil-
iary functions and applying Schauder’s fixed point 
theorem. Similar results can be obtained2, 3, i.e., 
they proved the existence of non-monotone travel-
ling wave solutions. Wang4 proved the existence 
of travelling wave solutions for (1) by using upper-
lower solutions for associated integral equations 
and Schauder’s fixed p oint t heorem. T hen f or a 
class of non-monotone reaction-diffusion equation 
with spatiotemporal delays, Xu et al5 obtained the 
existence and uniqueness of travelling wave solu-
tions by presenting a new method to construct a 
closed and convex set and using Schauder’s fixed 
point theorem.

Besides the existence of travelling wave solu-
tions of delayed reaction-diffusion equations, the 
stability of travelling waves has also attracted great 
attention. Let us provide some background on this 
topic in the literature. The first conclusion on the 
linearized stability of travelling wave solutions was 
established by Schaaf6 via the spectrum analysis 
method. Mei et al7 proved the nonlinear stability 
of the travelling wavefronts for the local Nicholson’s 
blowflies equation with a discrete delay by using a 
technical weighted-energy method. Subsequently, 
many researchers used this method to obtain the 
stability of travelling wavefronts for a variety of 
monostable reaction-diffusion equations with de-
lays8, 9 and further improved the former results to 
obtain global stability of travelling wavefronts by us-
ing both the comparison principle and the technical 
weighted-energy method10, 11.

Since the monotonicity of both the equations 
and the travelling wave solutions are necessary 
for these results of stability, therefore we can-
not use the above methods to establish the sta-
bility of non-monotone travelling wave solutions. 
Wu et al12 firstly s tudied t he a symptotic stabil-
ity of the non-monotone travelling wave solu-
tions of delayed reaction-diffusion equations with 
crossing-monostability by adopting two ideal weight 
functions. Subsequently, by using the technical 
weighted-energy method and the nonlinear Ha-
lanay’s inequality, Lin et al13 obtained exponential 
decay estimate of all non-critical travelling wave so-
lutions including the oscillating waves under some 
assumptions for a time-delayed reaction-diffusion 
equation. Since there is no result about stability of 
travelling wave solutions for (1), the main purpose 
of this study is the stability of the travelling wave 
solutions for (1) with non-monotone reaction terms.
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Theorem 1 (existence of travelling waves)
Assume that (A1) − (A4) hold, there exist a minimal 
wave speed c∗ > 0 and a corresponding number
λ∗(c∗) satisfying P (λ∗, c∗) = 0 and ∂

∂ λP (λ∗, c∗) = 0
where

P (λ, c) = dλ2− cλ+ ∂1F(0,0)

+ ∂2F(0, 0) f ′(0)

∫ ∞

−∞
J(y)e−λ(y+cr) dy

is the characteristic equation. For any c ¾ c∗, then (1)
admits a travelling wave solution φ(ξ), ξ = x + c t,
such that 0< φ(ξ)¶ K, φ(−∞) = 0 and

0< lim inf
ξ→∞

φ(ξ)¶ lim sup
ξ→∞

φ(ξ)¶ K .

If ∂1F(x , y) ¶ 0, then limξ→∞φ(ξ) = K. In addi-
tion, if f is nondecreasing on [0, K], then φ(ξ) is
nondecreasing on R. While for 0 < c < c∗, there
has no travelling wave solution. Furthermore, when
c > c∗,P (λ, c) = 0 has two distinct positive real roots
λ1(c) and λ2(c) with 0< λ1(c)< λ2(c) such that

P (λ, c)< 0 for λ1 < λ < λ2.

When c = c∗, it holds that

P (λ∗, c∗) = 0 for λ1 = λ∗ = λ2.

For any c > c∗, we define a weight function as

ω(x) = e−2λ∗(x−x0) with x0>>1,

where λ∗ > 0 is defined in Theorem 1 and x0 will
be defined later. It is obvious that ω(x) →∞ as
x →−∞ and ω(x)→ 0 as x →∞. Then we state
the main result of this paper as follows.

Theorem 2 (stability of travelling waves)
Assume that (A1)−(A5) hold. For the given travelling
wave φ(ξ) of (1) with the speed c > c̃, where c̃
satisfies

c̃λ∗− ∂2F(0,0) f ′(0)
�

∫ ∞

−∞
J(y)e−2λ∗(y+c̃ r) dy

�1/2

= 2dλ2
∗ + ∂1F(0, 0),

if u0(s, x)−φ(x+cs) is in C([−r, 0]; C(R)∩H2
ω(R))∩

L2([−r, 0]; H2
ω(R)) and

v0,∞ := lim
x→∞

[u0(s, x)−φ(x + cs)] ∈ C[−r, 0]

exists uniformly with s ∈ [−r, 0], then there exist
constants δ0 > 0 and 0 < µ < min{µ1,µ2}, µ1,µ2
will be defined later, such that when

max
s∈[−r,0]

‖(u0−φ)(s)‖2
C + ‖(u0−φ)(0)‖2

H2
ω

+

∫ 0

−r

‖(u0−φ)(s)‖2
H2
ω

ds ¶ δ2
0,

the unique solution u(t, x) of (1) and (2) exists glob-
ally and u(t, x)−φ(x + c t) is in C([−r,∞); C(R)∩
H2
ω(R))∩ L2([−r,∞); H2

ω(R))∩Cunif[−r,∞) with

sup
x∈R
| u(t, x)−φ(x + c t) |¶ C̃ e−µt , t ¾ 0,

where C̃ =
p

C18δ0, C18 will be determined later.

Remark 1 By Hölder inequality,

∫ ∞

−∞
J(y)e−λ∗ y dy ¶

�

∫ ∞

−∞
J(y)e−2λ∗ y dy

�1/2
.

Then

c∗λ∗−∂2F(0,0) f ′(0)
�

∫ ∞

−∞
J(y)e−2λ∗(y+c∗ r) dy

�1/2

−2dλ2
∗ − ∂1F(0,0)¶ 0,

and we obtain that c̃ ¾ c∗.

A PRIORI ESTIMATE

For any c > c∗, letφ(ξ) be a travelling wave solution
of (1) and v(t,ξ) = u(t, x)−φ(x + c t), v0(s,ξ) =
u0(s, x)−φ(x + cs), where ξ = x + c t. Then it can
be verified that v(t,ξ) defined above satisfies

vt(t,ξ)+ cvξ(t,ξ)− dvξξ(t,ξ)− ∂1F(ξ)v(t,ξ)

= ∂2F(ξ)

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy +Q,

(4)

with v(s,ξ) = v0(s,ξ), (s,ξ) ∈ [−r, 0] × R, where
F(ξ) = F

�

φ(ξ),
∫∞
−∞ J(y) f (φ(ξ− y − cr))dy

�

,

Q = F
�

v(t,ξ)+φ(ξ),

∫ ∞

−∞
J(y) f (v+φ)dy

�

− F(ξ)− ∂1F(ξ)v(t,ξ)

− ∂2F(ξ)

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy. (5)
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For any τ¾ 0 and T ¾ 0, define a space

X (τ− r, T +τ) = C([τ− r, T +τ]; H2
ω(R))∩

L2([τ− r, T +τ]; H2
ω(R))∩Cunif[τ− r, T +τ]

with the norm

Mτ(T )
2 = sup

t∈[τ−r,T+τ]
(‖u(t)‖2

C + ‖u(t)‖
2
H2
ω
),

and denote u(t) = u(t, ·) and M(T ) = M0(T ). The
estimate of v(t,ξ) in the space H2

ω(R) is the follow-
ing.

Lemma 2 If v(t,ξ) ∈ X (−r, T ), then

‖v(t)‖2
L2
ω

+

∫ t

0

∫ ∞

−∞
e−2µ(t−s)[Bη,µ,ω(ξ)− C1M(T )]ωv2 dξds

¶ C3 e−2µt
�

‖v0(0)‖2
L2
ω
+

∫ 0

−r

‖v0(s)‖2
L2
ω

ds
�

,

where

Bη,µ,ω(ξ) = Aη,ω(ξ)−2µ−
f ′(0)
η
∂2F(0, 0)

× (e2µr −1)

∫ ∞

−∞
J(y)e−2λ∗(y+cr) dy, (6)

Aη,ω(ξ) = −c
ω′

ω
− d

�

ω′

ω

�2

−2∂1F(ξ)−η f ′(0)∂2F(0, 0)

−
1
η

f ′(0)∂2F(0, 0)

∫ ∞

−∞
J(y)

ω(ξ+ y + cr)
ω(ξ)

dy,

and µ,η, Ci , i = 1, 3 are positive numbers to be
defined later.

Proof : Multiplying (4) by ω(ξ)v(t,ξ)e2µt , we have
�

1
2 e2µtωv2

�

t + e2µt
�

1
2 cωv2− dωvvξ

�

ξ

+ e2µt dωv2
ξ + e2µt dω′vvξ

+
�

− c
2
ω′

ω
−µ

�

e2µtωv2− ∂1F(ξ)e2µtωv2

= e2µtωv∂2F(ξ)

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy

+ e2µtωvQ. (7)

Further,

|e2µt dω′vvξ|¶
1
2 d e2µtωv2

ξ +
d
2

�

ω′

ω

�2
e2µtωv2.

Thus (7) is changed into
�

1
2 e2µtωv2

�

t +
1
2 d e2µtωv2

ξ

+ e2µt
�

1
2 cωv2− dωvvξ

�

ξ

+
�

− c
2
ω′

ω −µ−
d
2

�

ω′

ω

�2
− ∂1F(ξ)

�

e2µtωv2

¶ e2µtωv∂2F(ξ)

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy

+ e2µtωvQ. (8)

Integrating (8) over R× [0, t] with respect to ξ and
t and note that (

p
ωv) |ξ=±∞= (

p
ωvξ) |ξ=±∞= 0,

we obtain

e2µt‖v(t)‖2
L2
ω(R)
+ d

∫ t

0

e2µs‖vξ(s)‖2
L2
ω(R)

ds

+

∫ t

0

∫ ∞

−∞

�

−cω
′

ω −2µ− d
�

ω′

ω

�2
−2∂1F(ξ)

�

× e2µsω(ξ)v2(s,ξ)dξds

¶ ‖v0(0)‖2
L2
ω(R)
+2

∫ t

0

∫ ∞

−∞
e2µsω(ξ)v(s,ξ)Q dξds

+2

∫ t

0

∫ ∞

−∞
e2µsω(ξ)v(s,ξ)∂2F(ξ)

×
∫ ∞

−∞
J(y) ( f (v+φ)− f (φ)) dy dξds. (9)

Note that

2|v(s,ξ)|∂2F(ξ)

∫ ∞

−∞
J(y)| f (v+φ)− f (φ)|dy

¶ ∂2F(0, 0) f ′(0)

∫ ∞

−∞
J(y)

×
�

ηv2(s,ξ)+ 1
η v2(s− r,ξ− y − cr)

�

dy,

where η > 0 will be specified later and

1
η

∫ t

0

∫ ∞

−∞
e2µsω(ξ)

×
∫ ∞

−∞
J(y)v2(s− r,ξ− y − cr)dy dξds

¶ 1
η e2µr

∫ t

0

∫ ∞

−∞

∫ ∞

−∞
e2µsω(ξ+ y + cr)

× J(y)v2(s,ξ)dy dξds

+ 1
η e2µr

∫ 0

−r

∫ ∞

−∞

∫ ∞

−∞
e2µsω(ξ+ y + cr)

× J(y)v2
0 (s,ξ)dy dξds.
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Hence we obtain

2

∫ t

0

∫ ∞

−∞
e2µsω(ξ)|v(s,ξ)|∂2F(ξ)

×
∫ ∞

−∞
J(y)| f (v+φ)− f (φ)|dy dξds

¶ η∂2F(0,0) f ′(0)

∫ t

0

∫ ∞

−∞
e2µsω(ξ)v2(s,ξ)dξds

+ 1
η∂2F(0, 0) f ′(0)e2µr

×
∫ t

0

∫ ∞

−∞

∫ ∞

−∞
J(y)e2µsω(ξ+y+cr)v2(s,ξ)dy dξds

+ 1
η∂2F(0, 0) f ′(0)e2µr

×
∫ 0

−r

∫ ∞

−∞

∫ ∞

−∞
J(y)e2µsω(ξ+y+cr)v2

0 (s,ξ)dy dξds.

(10)

For the nonlinearity Q, by applying Taylor’s formula
to (5), it follows that

Q = 1
2∂11F(φ̄, φ̃)v2

+ ∂12F(φ̄, φ̃)
�

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy

�

v

+ 1
2∂22F(φ̄, φ̃)

�

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy

�2

,

(11)

where φ̄ is between φ and φ+ v and φ̃ is between
∫∞
−∞ J(y) f (φ(ξ− y − cr))dy and

∫∞
−∞ J(y) f (v +

φ)dy . For the third term on the right-hand side of
(11), using Hölder’s inequality gives
�

�

�

�

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy

�

�

�

�

¶
∫ ∞

−∞
J(y) f ′(0)|v(s− r,ξ− y − cr)|dy

¶
�

∫ ∞

−∞
J(y)

�

f ′(0)v(s− r,ξ− y − cr)
�2

dy
�1/2

.

Because of the definition of M(T ) and A3, then
�

�

�

�

�

2

∫ t

0

∫ ∞

−∞
e2µsω(ξ)v(s,ξ)Q dξds

�

�

�

�

�

¶ C1M(T )

∫ t

0

∫ ∞

−∞
e2µsω(ξ)v2(s,ξ)dξds

+ C2

∫ 0

−r

∫ ∞

−∞
e2µsω(ξ)v2

0 (s,ξ)dξds, (12)

where

C1 = L
�

1+ f ′(0)+2 f ′(0)e2µr

∫ ∞

−∞
J(y)e−2λ∗ y dy

�

,

C2 = 2LM(T ) f ′(0)e2µr

∫ ∞

−∞
J(y)e−2λ∗ y dy

and L = max{|∂i j F(x , y)|} for (x , y) ∈ [0, K] ×
[0, f (K)], i, j = 1,2.

Substituting (10) and (12) into (9), we obtain

e2µt‖v(t)‖2
L2
ω
+ d

∫ t

0

e2µs‖vξ(s)‖2
L2
ω

ds

+

∫ t

0

∫ ∞

−∞
e2µs

�

Bη,µ,ω(ξ)− C1M(T )
�

ωv2 dξds

¶ C3

�

‖v0(0)‖2
L2
ω
+

∫ 0

−r

‖v0(s)‖2
L2
ω

ds
�

, (13)

where Bη,µ,ω(ξ) is given in (6) and C3 =max{1, C2+
( f ′(0)/η)∂2F(0,0)e2µr

∫∞
−∞ J(y)e−2λ∗ y dy}. 2

Lemma 3 Let η = (
∫∞
−∞ J(y)e−2λ∗(y+cr) dy)1/2.

Then for c > c̃, we have Aη,ω(ξ)¾ C4 > 0 for ξ ∈ R.

Proof : Since ω(ξ) = e−2λ∗(ξ−x0), ω′(ξ)/ω(ξ) =
−2λ∗, ω(ξ+ y + cr)/ω(ξ) = e−2λ∗(y+cr) and c > c̃,

Aη,ω(ξ)

¾ 2cλ∗−4dλ2
∗ −2∂1F(0,0)−η∂2F(0, 0) f ′(0)

− 1
η∂2F(0,0) f ′(0)

∫ ∞

−∞
J(y)e−2λ∗(y+cr) dy

=: C4 > 0.

2

Lemma 4 Let v(t,ξ) ∈ X (−r, T ) and µ1 > 0 be the
unique root of the equation

C4−2µ− ∂2F(0,0) f ′(0)(e2µr −1)

×
�

∫ ∞

−∞
J(y)e−2λ∗(y+cr) dy

�1/2
= 0.

Then for 0< µ < µ1, we have

‖v(t)‖2
L2
ω
+

∫ t

0

e−2µ(t−s)‖v(s)‖2
L2
ω

ds

¶ C6 e−2µt

�

‖v0(0)‖2
L2
ω
+

∫ 0

−r

‖v0(s)‖2
L2
ω

ds

�

, (14)

where M(T )<<1 and C6 will be defined later.
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Proof : By Lemma 3 we have that for 0< µ < µ1,

Bη,µ,ω(ξ)¾ C4−2µ− ∂2F(0,0) f ′(0)(e2µr −1)

×
�

∫ ∞

−∞
J(y)e−2λ∗(y+cr) dy

�1/2

=: C5 > 0. (15)

Substitute (15) into (13) and let 0< M(T )< C5/C1
be small enough, then

e2µt‖v(t)‖2
L2
ω
+

∫ t

0

e2µs‖vξ(s)‖2
L2
ω

ds

+

∫ t

0

e2µs‖v(s)‖2
L2
ω

ds

¶ C6

�

‖v0(0)‖2
L2
ω
+

∫ 0

−r

‖v0(s)‖2
L2
ω

ds
�

, (16)

where C6 := C3/min{1, d, C5− C1M(T )}. 2

Lemma 5 Let v(t,ξ) ∈ X (−r, T ). Then for c > c̃,

‖vξ(t)‖2
L2
ω
+

∫ t

0

e−2µ(t−s)‖vξ(s)‖2
L2
ω

ds

¶ C11 e−2µt
�

‖v0(0)‖2
H1
ω
+

∫ 0

−r

‖v0(s)‖2
H1
ω

ds
�

. (17)

Proof : By differentiating (4) with ξ and multiplying
it by e2µtω(ξ)vξ(t,ξ), we have

�

1
2 e2µtωv2

ξ

�

t
+ d

2 e2µtωv2
ξξ

+ e2µt
�

1
2 cωv2

ξ − dωvξvξξ
�

ξ

+
�

− d
2

�

ω′

ω

�2
− c

2
ω′

ω −µ− ∂1F(ξ)
�

e2µtωv2
ξ

¶ [∂1F(ξ)]ξ e2µtωvvξ+ e2µtωvξ

×
�

∂2F(ξ)

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy +Q

�

ξ
.

(18)

By integrating (18) with respect to ξ and t over R×

[0, t], we obtain

e2µt‖vξ(t)‖2
L2
ω
+ d

∫ t

0

e2µs‖vξξ(s)‖2
L2
ω

ds

+

∫ t

0

∫ ∞

−∞

¦

−d
�

ω′

ω

�2
− c
ω′

ω
−2µ−2∂1F(ξ)

©

× e2µsωv2
ξ dξds

¶
∫ t

0

∫ ∞

−∞
2
�

[∂1F(ξ)]ξv+Qξ
	

e2µsωvξ dξds

+

∫ t

0

∫ ∞

−∞

∫ ∞

−∞
J(y) [ f (φ+ v)− f (φ)]ξ dy

×2∂2F(ξ)e2µsωvξ dξds. (19)

Note that

[∂1F(ξ)]ξ v

+
�

∂2F(ξ)

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy +Q

�

ξ

=
§

∂1F
�

ϕ̄,

∫ ∞

−∞
J(y) f (φ+ v)dy

�

v
ª

ξ

− ∂1F(ξ)v2
ξ

+
§

∂2F(φ, ϕ̃)

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy

ª

ξ

+ ∂2F(ξ)
�

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy

�

ξ

− ∂2F(ξ)
�

∫ ∞

−∞
J(y)[ f (φ+ v)− f (φ)]dy

�

ξ

where ϕ̄ =φ+(1−θ1)v, ϕ̃ = θ2

∫∞
−∞ J(y) f (φ)dy+

(1 − θ2)
∫∞
−∞ J(y) f (φ + v)dy with θ1,θ2 ∈ [0,1].

Hence (19) becomes

e2µt‖vξ(t)‖2
L2
ω
+ d

∫ t

0

e2µs‖vξξ(s)‖2
L2
ω

ds

+

∫ t

0

∫ ∞

−∞
Bη,µ,ω(ξ)e

2µsωv2
ξ dξds

¶ C7

∫ t

0

e2µs‖v(s)‖2
L2
ω

ds+ C8

∫ t

0

e2µs‖vξ(s)‖2
L2
ω

ds

+ C9

∫ 0

−r

‖v0(s)‖2
L2
ω

ds+ C10

∫ 0

−r

‖v0ξ(s)‖2
L2
ω

ds. (20)

Combining with (16), it holds that

e2µt‖vξ(t)‖2
L2
ω
+

∫ t

0

e2µs
�

‖vξξ(s)‖2
L2
ω
‖vξ(s)‖2

L2
ω

�

ds

¶ C11

�

‖v0(0)‖2
H1
ω
+

∫ 0

−r

‖v0(s)‖2
H1
ω

ds
�

,
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where C11 =
max{C6C7+ C6C8+ C9, C10}

min{1, d, C5}
. 2

Similarly, we obtain the estimate of vξξ(t,ξ).

Lemma 6 Let v(t,ξ) ∈ X (−r, T ). Then for c > c̃,
there exists C12 > 0 such that

‖vξξ(t)‖2
L2
ω
+

∫ t

0

e−2µ(t−s)‖vξξ(s)‖2
L2
ω

ds

¶ C12 e−2µt
�

‖v0(0)‖2
H2
ω
+

∫ 0

−r

‖v0(s)‖2
H2
ω

ds
�

, (21)

on condition that M(T )<<1.

By combining with (14), (17) and (21), we obtain
the lemma.

Lemma 7 Let v(t,ξ) ∈ X (−r, T ). Then for c > c̃,

‖v(t)‖2
H2
ω
+

∫ t

0

e−2µ(t−s)‖v(s)‖2
H2
ω

ds

¶ C13 e−2µt
�

‖v0(0)‖2
H2
ω
+

∫ 0

−r

‖v0(s)‖2
H2
ω

ds
�

, (22)

when M(T )<<1 and C13 =max{C6, C11, C12}.

By applying the Sobolev embedding theorem
H2(R) ,→ C1(R) and noting that ω(ξ) ¾ 1 for ξ ∈
(−∞, x0], x0 will be defined later, we obtain the
following decay results.

Lemma 8 Let v(t,ξ) ∈ X (−r, T ). For t ∈ [0, T],

sup
ξ∈(−∞,x0]

| v(t,ξ) |¶ C14‖v(t)‖H2 ¶ C14‖v(t)‖H2
ω

¶ C15

�

‖v0(0)‖2
H2
ω
+

∫ 0

−r

‖v0(s)‖2
H2
ω

ds
�1/2

e−µt ,

(23)

where C14 is the embedding constant and C15 =
C14

p

C13.

To prove the exponential decay of
v(t,ξ) for ξ ∈ [x0,∞), we first show
the result of v(t,ξ) when ξ = ∞. For
v(t,ξ) ∈ X (−r, T ), limξ→∞ v(t,ξ) exists uniformly
and limξ→∞ vξ(t,ξ) = limξ→∞ vξξ(t,ξ) = 0
uniformly for t ∈ [0, T]. We define z(t) := v(t,∞),
z0(s) := v0(s,∞) for s ∈ [−r, 0]. Furthermore, we
verify that v(t,ξ) satisfies

vt(t,ξ)+ cvξ(t,ξ)− dvξξ(t,ξ)− ∂1F(ξ)v(t,ξ)

= ∂2F(ξ)

∫ ∞

−∞
J(y) f ′(φ)v dy + Q̃(v),

v(s,ξ) = v0(s,ξ), (s,ξ) ∈ [−r, 0]×R, (24)

where

F(ξ) = F
�

φ(ξ),

∫ ∞

−∞
J(y) f (φ(ξ− y − cr))dy

�

,

Q̃(v) = F
�

v+φ,

∫ ∞

−∞
J(y) f (v+φ)dy

�

− F(ξ)

− ∂1F(ξ)v(t,ξ)− ∂2F(ξ)

∫ ∞

−∞
J(y) f ′(φ)v dy.

By letting ξ→∞ to (24), we have

z′(t)− ∂1F(K , f (K))z(t)

− ∂2F(K , f (K)) f ′(K)z(t − r) = Q̃(z),
z(s) = z0(s), s ∈ [−r, 0]. (25)

Lemma 9 If (A5) holds and z(t) is the solution of
(25), then there exists C16 > 0 such that

|z(t)|¶ C16M(0)e−µ2 t , t > 0,

when 0< µ2 < −∂1F(K , f (K)) and M(0)<<1.

Proof : Let l1 = −∂1F(K , f (K)) ¾ 0 and l2 =
∂2F(K , f (K)) f ′(K) > 0. It follows from Lemma 1
that if l2 ¶ l1 with any r > 0, or if l2 > l1 with
0< r < r̄, then there exists C16 > 0 such that

|z(t)|¶ C16M(0)e−µ2 t , t > 0,

with some constant 0 < µ2 = µ2(l1, l2, r) < l1, if
M(0)<<1 and r̄ is defined in (3). 2
Note that limξ→∞|eµ2 t v(t,ξ)−eµ2 t v(t,∞)|= 0 uni-
formly for t ∈ [0, T]. Then for ε = M(0), there
exists x0 = x0(M(0))>> 1 such that |eµ2 t v(t,ξ) −
eµ2 t v(t,∞)|< ε if ξ¾ x0. That is,

�

�eµ2 t |v(t,ξ)| − eµ2 t |v(t,∞)|
�

�

¶
�

�eµ2 t v(t,ξ)− eµ2 t v(t,∞)
�

�< ε.

Thus from Lemma 9,

eµ2 t |v(t,ξ)|¶ C16M(0)+ ε, ξ¾ x0, t ∈ [0, T].

Lemma 10 Let the assumptions defined in Lemma 9
hold. Then there is x0>>1 independent of t such that

sup
ξ∈[x0,∞)

| v(t,ξ) |¶ C17M(0)e−µ2 t (26)

for t ∈ [0, T], where C17 = C16+1.
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Hence we can obtain the following result.

Theorem 3 (a priori estimate) If assumptions in
Theorem 2 hold and v(t,ξ) ∈ X (−r, T ) is a local
solution of (4) with a given positive number T , then
there are numbers δ1 > 0, 0 < µ <min{µ1,µ2} and
C18 = max{C13, (C15 + C17)2} independent of T such
that when M(T )¶ δ1,

‖v(t)‖2
C + ‖v(t)‖

2
H2
ω

+

∫ t

0

e−2µ(t−s)‖v(s)‖2
H2
ω

ds

¶ C18 e−2µt
�

max
s∈[−r,0]

‖v0(s)‖2
C + ‖v0(0)‖2

H2
ω

�

+ C18 e−2µt

∫ 0

−r

‖v0(s)‖2
H2
ω

ds, t ∈ [0, T]. (27)

Proof : Combining the assumptions with (22), (23),
and (26), we obtain (27) directly. 2

STABILITY OF TRAVELLING WAVES

This section is devoted to prove the stability of
travelling wave solutions for (1). To obtain the
exponential decay estimate, we give the following
local existence result.

Proposition 1 (local existence) For the following
problems with the initial value τ¾ 0,

vt(t,ξ)+ cvξ(t,ξ)− dvξξ(t,ξ)− ∂1F(ξ)v(t,ξ)

= ∂2F(ξ)

∫ ∞

−∞
J(y)[ f (v+φ)− f (φ)]dy +Q,

(t,ξ) ∈ (τ,∞)×R,

v(s,ξ) = u0(s,ξ− cs)−φ(ξ) =: vτ(s,ξ),
(s,ξ) ∈ [τ− r,τ]×R. (28)

If vτ(s,ξ) ∈ X (τ − r,τ) and Mτ(0) ¶ δ2 for some
constant δ2 > 0, then there is t0 = t0(δ2) > 0
such that v(t,ξ) ∈ X (τ − r,τ + t0) and Mτ(t0) ¶
p

2(1+ r)Mτ(0).

Next we give the following result for (4), which
suggest Theorem 2 directly.

Theorem 4 (Stability) Suppose that (A1) − (A5)
hold. For a travelling wave solution φ(ξ) of (1)
with c > c̃, c̃ is defined in Theorem 2, if v0(s,ξ) ∈
C([−r, 0]; C(R) ∩ H2

ω(R)) ∩ L2([−r, 0]; H2
ω(R)) and

limξ→∞ v0(s,ξ) =: v0,∞(s) ∈ C[−r, 0] exists uni-
formly for s ∈ [−r, 0], then there are numbers δ0 > 0
and µ > 0 independent of v(t,ξ) such that when

Mτ(0) ¶ δ0, the unique solution v(t, x) of (4) exists
globally and satisfies

‖v(t)‖2
C + ‖v(t)‖

2
H2
ω
+

∫ t

0

e−2µ(t−s)‖v(s)‖2
H2
ω

ds

¶ C18 e−2µt
�

max
s∈[−r,0]

‖v0(s)‖2
C + ‖v0(0)‖2

H2
ω

�

+ C18 e−2µt

∫ 0

−r

‖v0(s)‖2
H2
ω

ds, t ∈ [0,∞). (29)

Proof : The proof is similar to the previous ones,
thus we give the main points as follows. Since
positive numbers δ1, C18, and µ given in Theo-
rem 3 are independent of T , by choosing δ0 =
δ1/

p

2(1+ r), δ2 = max{
p

2C18(1+ r)M(0),δ1},
and M(0) ¶ δ0 < δ1 ¶ δ2, and by Proposition 1,
there is t0 = t0(δ2)> 0 such that v(t,ξ) ∈ X (−r, t0)
and M(t0) ¶

p

2(1+ r)M(0) ¶ δ1. Thus for t ∈
[0, t0], Theorem 3 gives

‖v(t)‖2
C + ‖v(t)‖

2
H2
ω
+

∫ t

0

e−2µ(t−s)‖v(s)‖2
H2
ω

ds

¶ C18 e−2µt
�

max
s∈[−r,0]

‖v0(s)‖2
C + ‖v0(0)‖2

H2
ω

�

+ C18 e−2µt

∫ 0

−r

‖v0(s)‖2
H2
ω

ds, t ∈ [0, t0]. (30)

When consider (28) at τ = t0, it clear that
Mt0
(0) ¶ M(t0) ¶ δ1 ¶ δ2, and by Theorem 3

we have v(t,ξ) ∈ X (−r, 2t0) and Mt0
(t0) ¶

p

2(1+ r)Mt0
(0). Combining with

Mt0
(0) = sup

[t0−r,t0]
(‖u(t)‖2

C(R)+ ‖u(t)‖
2
H2
ω(R)
)

¶
δ1

p

2(1+ r)
,

we obtain Mt0
(t0)¶ δ1. Then

M(2t0) = sup
[−r,2t0]

(‖u(t)‖2
C(R)+ ‖u(t)‖

2
H2
ω(R)
)

¶
δ1

p

2(1+ r)
¶ δ1.

Consequently, by Theorem 3, we can obtain the
exponential decay for t ∈ [0, 2t0]. By repeating this
process, we can prove v(t,ξ) ∈ X (−r,∞) and (29)
for t ∈ [0,∞). 2

APPLICATIONS

In this section we shall apply our consequences
obtained in the former sections to some important
models arising from practical problems.
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Example 1

Consider the case of (1) with the heat kernel
J(y) = 1p

4πρ
e−y2/4ρ, ρ > 0. We obtain the fol-

lowing exponential stability of the travelling wave
solutions for (1).

Corollary 1 Assume that (A1)− (A5) hold. For the
given travelling wave solution φ(ξ) of (1) with the
speed c > ĉ, with ĉ satisfying

ĉλ∗− dλ2
∗ − ∂1F(0,0)

c∗λ∗− dλ2
∗ − ∂1F(0, 0)

= eλ
2
∗ρ, (31)

if u0(s, x)−φ(x + cs) ∈ C([−r, 0]; C(R)∩H2
ω(R))∩

L2([−r, 0]; H2
ω(R)) and limx→∞[u0(s, x) − φ(x +

cs)] =: v0,∞ ∈ C[−r, 0] exists uniformly with s ∈
[−r, 0], then there are numbers δ0 > 0 and µ > 0
such that when

max
s∈[−r,0]

‖(u0−φ)(s)‖2
C + ‖(u0−φ)(0)‖2

H2
ω

+

∫ 0

−r

‖(u0−φ)(s)‖2
H2
ω

ds ¶ δ2
0,

the unique solution u(t, x) of (1) and (2) exists
globally and it satisfies

u(t, x)−φ(x + c t) ∈ C([−r,∞); C(R)∩H2
ω(R))

∩ L2([−r,∞); H2
ω(R))∩Cunif[−r,∞)

and

sup
x∈R
| u(t, x)−φ(x + c t) |¶ C e−µt , t ¾ 0.

Remark 2 The condition (31) implies that we may
obtain the stability of the slower waves with wave
speed near to the critical speed if ρ is sufficiently
small.

Example 2

Taking F(x , y) = −α1 x + α2 y and J(y) = δ(y), a
Dirac delta function, the equation (1) is reduced to

ut(t, x) = dux x(t, x)−α1u(t, x)
+α2 f (u(t − r, x)), (32)

where α1, α2 > 0. We assume the following two
assumptions for (32):
(H1) f (K) = α1K/α2, f (x)> α1 x/α2, x ∈ (0, K].
(H2) f ′(K) ¶ α1/α2 with any r > 0, or f ′(K) >

α1/α2 with 0< r < r̃, where

r̃ :=
π− arctan

�

α−1
1

q

(α2 f ′(K))2−α2
1

�

q

(α2 f ′(K))2−α2
1

.

Set P (λ, c) = dλ2 − cλ−α1 +α2 f ′(0)e−λcr . Then
there exist c∗ and λ∗ such that P (λ∗, c∗) = 0. From
Ref. 4, (32) admits a travelling wave solution φ(ξ),
ξ= x + c t, for any c > c∗ such that

0< φ(ξ)¶ K , φ(−∞) = 0,

0< lim inf
ξ→∞

φ(ξ)¶ lim sup
ξ→∞

φ(ξ)¶ K .

Clearly, ∂1F(x , y) = −α1 < 0, ∂2F(x , y) = α2 > 0,
then limξ→∞φ(ξ) = K . We obtain the following
stability result of (32).

Corollary 2 Assume that (A2), (H1)−(H2) hold. For
a travelling wave solutionφ(ξ) of (32) with the speed
c > c∗, if u0(s, x) − φ(x + cs) ∈ C([−r, 0]; C(R) ∩
H2
ω(R))∩ L2([−r, 0]; H2

ω(R)) and limx→∞[u0(s, x)−
φ(x + cs)] =: v0,∞ ∈ C[−r, 0] exists uniformly with
s ∈ [−r, 0], then there are δ0 > 0 and µ> 0 such that
when

max
s∈[−r,0]

‖(u0−φ)(s)‖2
C + ‖(u0−φ)(0)‖2

H2
ω

+

∫ 0

−r

‖(u0−φ)(s)‖2
H2
ω

ds ¶ δ2
0,

the unique solution u(t, x) of (32) and (2) exists
globally and satisfies

u(t, x)−φ(x + c t) ∈ C([−r,∞); C(R)∩H2
ω(R))

∩ L2([−r,∞); H2
ω(R))∩Cunif[−r,∞)

and

sup
x∈R
| u(t, x)−φ(x + c t) |¶ C e−µt , t ¾ 0.

Example 3

Consider the following general population model,
which derives from the evolution of the mature pop-
ulation with an age structure of a single species1,

ut(t, x) = d∆u(t, x)− g(u(t, x))

+h(u(t, x))

∫ ∞

−∞
J(x − y) f (u(t − r, y))dy, (33)

where d > 0, r ¾ 0. We assume the following
assumptions.
(P1) h(x), g(x) ∈ C2([0, K]× [0, f (K)],R), g(0) =

0, h(K) f (K) = g(K), h(x) f (x) > g(x), h(x) >
0, h′(x)¶ 0, g ′(x)¾ g ′(0)¾ 0 for x ∈ (0, K], K
is defined in A2.

(P2) There exists 0<θ < K such that f is increasing
on [0,θ], and 0 < η < K such that for any y ∈
(0,η), h(x)y = g(x) has a solution x ∈ (0,θ ).
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(P3) h(K) f ′(K) + h′(K) f (K) − g ′(K) ¶ 0 with any
time-delay r > 0, or h(K) f ′(K) + h′(K) f (K)−
g ′(K)> 0 with time-delay 0< r < r̃, when

r̃ :=
π− arctan((h′(K) f (K)− g ′(K))−1M̃)

M̃
,

M̃ =
p

(h(K) f ′(K))2− (h′(K) f (K)− g ′(K))2.
Taking F(x , y) = −g(x) + h(x)y in (1) to obtain
(33). It is easy to check that u ≡ 0 and u ≡ K are
two constant equilibria of (33). Clearly,

∂1F(x , y) = −g ′(x)+h′(x)y ¶ ∂1F(0,0)< 0,

0< ∂2F(x , y) = h(x)¶ ∂2F(0,0),
F(x , y)¶ −g ′(0)x +h(0)y,

for (x , y) ∈ [0, K]× [0, f (K)]. Set

P (λ, c) = dλ2− cλ− g

+h′(0) f ′(0)

∫ ∞

−∞
J(y)e−λ(y+cr) dy.

Thus there exist c∗ and λ∗ such that P (λ∗, c∗) = 0.
From Ref. 1, (33) admits a travelling wave solution
φ(ξ), ξ= x + c t, for any c > c∗ such that

0< φ(ξ)¶ K , φ(−∞) = 0, lim
ξ→∞

φ(ξ) = K ,

and obtain the following stability result of (33).

Corollary 3 Assume that (A1)− (A2) and (P1)− (P3)
hold. For a travelling wave solutionφ(ξ) of (33) with
the speed c > c̄, with c̄ satisfying

c̄λ∗−h′(0) f ′(0)
�

∫ ∞

−∞
J(y)e−2λ∗(y+c̄ r) dy

�1/2

= 2dλ2
∗ − g ′(0),

if u0(s, x)−φ(x + cs) ∈ C([−r, 0]; C(R)∩H2
ω(R))∩

L2([−r, 0]; H2
ω(R)) and limx→∞[u0(s, x) − φ(x +

cs)] =: v0,∞ ∈ C[−r, 0] exists uniformly with s ∈
[−r, 0], then there are δ0 > 0 and µ > 0 such that
when

max
s∈[−r,0]

‖(u0−φ)(s)‖2
C + ‖(u0−φ)(0)‖2

H2
ω

+

∫ 0

−r

‖(u0−φ)(s)‖2
H2
ω

ds ¶ δ2
0,

the unique solution u(t, x) of (33) and (2) exists
globally and satisfies

u(t, x)−φ(x + c t) ∈ C([−r,∞); C(R)∩H2
ω(R))

∩ L2([−r,∞); H2
ω(R))∩Cunif[−r,∞)

and

sup
x∈R
| u(t, x)−φ(x + c t) |¶ C e−µt , t ¾ 0.
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