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ABSTRACT: In this paper we investigate the Cauchy problem for nematic liquid crystal flows with partial viscosity in R3.

A logarithmically improved blow-up criterion of smooth solutions is established. The result is analogous to the celebrated

Beale-Kato-Majda type criterion for the inviscid Euler equations of incompressible fluids.
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INTRODUCTION

The nematic liquid crystal flow equations in three
space dimensions are

Ou —vAu+u-Vu+ Vp=—A¢ Vo,
O — A +u- Vo =|Vo[*s, )
V-u=0,

where (¢, x) represents the velocity field of the in-
compressible fluid, v is the kinematic viscosity, p(¢, x)
is the pressure, and ¢ denotes the macroscopic average
of the nematic liquid crystal orientation field.

The hydrodynamic theory of liquid crystals was
established by Ericksen' and Leslie? in the 1960s.
Since the general Ericksen-Leslie system is very com-
plicated, we only consider a simplified model (1) of
the Ericksen-Leslie system3~>, which is probably the
simplest mathematical system one can derive for mod-
elling nematic liquid crystal flow without destroying
the basic nonlinear structure. (1) is a system of non-
homogeneous Navier-Stokes equations coupled with
harmonic map flow. Huang and Wang® established a
blow-up criterion for the short time classical solutions
to (1) in 2 and 3 dimensions. More precisely, 0 <
T, < oo is the maximal time interval iff (i) for
n =3, [;(IV X ulre + [[V¢[F-)dt = oo, and
(i) forn = 2, [ [|[V@[|F dt = .

In this paper, we consider the nematic liquid crys-
tal flow equations equations (1) with partial viscosity,
i.e., v = 0. The corresponding nematic liquid crystal

flow equations are thus

Ou+u-Vu+Vp=—A¢-Vo, (2a)
0ed— Ap+u-Vo=|Ve|’s,  (2b)
V-u=0. (2¢)
We investigate (2) with the initial conditions
t=0:u=uo(x), ¢=¢olz) (3)

Recall that when ¢ is a constant vector, (1) re-
duces to the incompressible Navier-Stokes equations.
Regularity criteria for the Navier-Stokes equations
have been obtained’®. Logarithmically improved
regularity criteria for the Navier-Stokes equations
have also been established '*-'?. For the incompress-
ible Euler equations, the well-known Beale-Kato-
Majda’s criterion !* says that any solution u is smooth
up to time 7" under the assumption that fOT IV x
u(t)|| L dt < oco. Beale-Kato-Majda’s criterion was
slightly improved by Kozono-Taniuchi'* under the
assumption fOT IV x u(t)||lpmodt < oo. In the
absence of global well-posedness, the development of
blow-up/non blow-up theory is of major importance
for both theoretical and practical purposes. In this
paper, we obtain a Beale-Kato-Majda type blow-up
criterion of smooth solutions to the Cauchy problem

2. 3).

Theorem 1 Assume that ug € H™(R? R?), m > 3
with V - ug = 0 and ¢g € H™H(R3, S?). Let (u, ¢)
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be a smooth solution to (2), 3) for0 <t < T. If

|V x u(t)||Bmo
\/hl (e + 1[IV xu(t)][Bmo)
+ Vo)~ dt < oo, (4)

then the solution (u, ¢) can be extended beyond t =
T.

We have the following corollary immediately.

Corollary 1 Assume that ug € H™(R3 R?), m >
3with V - ug = 0 and ¢g € H™TH(R3,5?). Let
(u, @) be a smooth solution to (2), (3) for 0 < t < T.
Suppose that T' is the maximal existence time, then

|V x u(t)||Bmo
VIn(e + ||V x u(t)||smo)
+[IVo(t

7o dt = &)

Here BMO denotes the homogenous space of bounded
mean oscillations associated with the norm

Iflomo = sup
BMO = xelR{",lID%>0 |BR(37)‘
1
X fy) — f(z) dz| dy.
/BR(;E) 1BRW)| /o)

The paper is arranged as follows. We first state
some preliminary results on functional settings and
some important inequalities and finally prove the
blow-up criterion of smooth solutions to (2), (3).

SOME USEFUL LEMMAS

In order to prove our main results we need the follow-
ing inequality.

Lemma 1 (Ref. 15) There exists a uniform positive
constant C, such that

[V fllzee < CQA+ || fllL2
+IV < fllemovIn(e + [ fllas))- - (6)

holds for all vectors f € H3(R™), (n = 2,3) with
V-f=0.

The following inequality is the
Gagliardo-Nirenberg inequality.

well-known

Lemma 2 Let j, m be any integers satisfying 0 < j <
m,andlet1 < g r < oo, andp €R, j/m <0 <1

such that
1 1
:9(-’”) +(1-0)-.

T n q

L J

p n
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Then for all f € LI(R™) W™ (R"), there is a
positive constant C depending only on n, m, j, q, r, 0
such that the following inequality holds:

IV flle < ClFIEL V™ £ 7

with the following exception: if 1 < r < oo and m —
Jj — n/r is a nonnegative integer then (7) holds only
Sor 0 satisfying j/m < 0 < 1.

Lemma 3 (Ref. 16) The following inequality holds:

IV (f-Vg)=f-VVgllLe < C(IVFl=l[V"gllL>

+IVgllL=lVT fllz2). ®)
In order to prove Theorem 1 we need the following
interpolation inequalities in three space dimensions.

In fact, we can obtain them by Sobolev embedding
and scaling techniques.

Lemma 4 In three space dimensions, the inequalities

I9/llz2 < CIAILIV2S | o

1= < CIAE IV F1 o

fllze < CUAIZ V21l ©)
19 4112s < CIAEIV Al
191l < CIVAIL IV
hold.

PROOF OF THEOREM 1

Multiplying (2a) by u and using integration by parts,
we get
1d
sl Ol == [ A0-V6-uan

Applying V to (2b), then taking the inner product with
V¢ and using integration by parts, we get

(10)

S SIV6OI3: + 192603

=— V(u-V¢)-V¢dx+/ V(IV¢[*¢) Vo du.
R3 R3

(11)
Summing (10) and (11), we obtain

()3 + Vo)) + V26 (0) 3
= — A¢p-Vo-udr
R3

- V(u-V¢)- -V dx
R3

+ / V(V6P) Vo da.
R3

=5+ 1)+ 1. (12)
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In what follows, we estimate I;, (i = 1,2,3).
Using Holder’s inequality and Young’s inequality, we
have

Iy < ||V oo lull 2 [ V2| 2
1
< GIVP8lIL: + CIVEI L lulZ. (13)

Using integration by parts, Holder’s inequality and
Young’s inequality, we obtain

I < OVl p<lul L2 V2l 2
1
< GIV2oli: + ClIVElIL< [[ul7z- (14

From integration by parts, Holder’s inequality and
Young’s inequality we obtain

< — / V26V do
RS
1
< IVl + CIVOE~ V6l (15)

Combining (12), (13), (14), (15) yields

d
3 (l®lZz + IVE@IIZ) + IV o (#)I7:
< OVl (lullz: + IVSIL2)-

From Gronwall’s inequality we get

t
lu(®)llZz + Vo)L +/0 IV2(7)lI72 dr

< C(lluollz + IVollZ2). (16)
Applying V to (2a), multiplying the resulting equation

by Vu, and integrating with respect to  over R? using
integration by parts we have

1d 2 _
§E||Vu(t)||Lz =— /R3 V(u-Vu)Vu dz
— V(A¢ - Vo) Vude. (17)
R3
As with the proof of (17), we obtain
1d o 2 3 2
@IV oMllz: + Vie®)liz.
=— | V3(u-V¢)V?¢pdx
]RB
2 2 2
[ vveraTiedn g

75

From (17), (18) and V - u = 0, we deduce that

1d

5 3 UVu®lze +1IV2e@)IIZ) + V2o (#)I7:

= —/ [V(u-Vu) —u-VVu]Vu dx
R3

— V(A¢-V¢)Vu dx
R3

—/ [V2(u- V) —u-VV34|V3¢ da
R3

+ [ VAVPeTo ds
= J1+ Jo + J3 + Ju. (19)
It follows from Lemma 3 that
J1 < C||Vaul|p=||Vul|7.. (20)

From Holder’s inequality and Young’s inequality we
obtain

J2 < V9| | Vull 12| V¢l 2
+ [IVull < V26|72
< IVl + CUIVullie +1961-)
< (IVullze + [V28lIZ2). e2))
Using integrating by parts, Holder’s inequality, and
Young’s inequality we obtain

Js < 3/ |VuV2¢pV2¢| da
R3

+ / |VuV V3| da
R3

< 3|Vl 1= V29122
+IVull 2 [Vl V2 2
< IVl + CUIVullie +19613-)
< (IVulzz + IV*¢ll72). (22)
We apply integration by parts, Holder’s inequality and
Young’s inequality. This yields

Ji <6 / V6v26 6v79| da
]RQS

+3 / |VoVopV2pV2¢| da
R3

<6Vl L V26l 2 VP9I 2
+ Vol [ V?I7

1
< SIV6I3e + CIVOIR=IV26l3:. 3
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Combining (19), (20), (21), (22), (23) and using
Gronwall’s inequality, we get

t
IVu(t)]22 + [V26(0) |22 + / IV36(r)[122 dr

< (IVut)llZ: + [IV26(t)1Z2)

¢
xexp{C’/ V()| Lo dT}. (24)
t1

From (4) we know that for any small constant ¢ >
0, there exists T, < T such that

IV x u(t)||lBmo

dt <e.
\/hl (e + 1[IV x u(t)[[Bmo)

(25)

Let

o) = sup (|V3u(r)|L2 +[IVie(7)]Z2) (26)

T, <1<t

for T, <t < T. It follows from (16), (24), (25), (26)
and Lemma 1 that

t
IVa(t)]122 + [V26(0) |22 + /T IV36(r)[122 dr

Vin(e + ||lu]lg3) dT}

<O exp{C’o

< eXp{C()Eln(e +0()}
< Ci(e+0O(), T, <t<T,

27)

where C; depends on ||[Vu(T,)[, + |[V2(T)|%,
while Cj is an absolute positive constant.

Applying V™ to (2a), then taking the L? inner
product of the resulting equation with V'™« and using
integration by parts, we have

1d

m 2 _ m . m
LS Iv (o). = /Rgv (u- Vi) V™ da

- VT (A¢ - Vo)VTu dx.

R3

(28)

Applying the method used to get (28), we obtain

LIV @) 2 + 1900 2
= —/ VT (u - V) V™ da
]RS
VY (|Ve|2¢) V™l da.
+ [ PTG da.
It follows from (28), (29), V - u = 0, and integration
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by parts that

1d
2dt

= 7/ V™(u-Vu) —u- VV™u]V™u do
R3

— IV u@IZ+IV" o)1)+ V™ 2ot 172

—/ V™ (A¢ - VP)V™u dx
R3
—/ [V (u-V¢) —u- VYV TV g da
R3
m—+1 2 m—+1
+/RSV (IVo|?¢) V"¢ du. (30)

In what follows, for simplicity, we will set m = 3.
From Holder’s inequality and Lemma 3, we derive

/ V3 (u- Vu) —u- VV3u]V3u dz
R3

< ClIVu®)lz=Viu®)[z.. 3D

Using integration by parts and Holder’s inequality, we
get

V3(A¢-V¢)V3u dz

R3
< VoD~ VoSl [VEu(t)l e
AV o [VAu(®) | L4 [V (1) 2
+10[[Vu®) L [V (1) L2 [ V(1) | 2

+10]Vul| = [ V*6] 72 (32)
Using Young’s inequality, we obtain
HW( Nz IVl 2| VP u(t) | 2
7HVJ¢“L2 +CIVo) [~ IVPut) 7. (33)

From Lemma 2, Lemma 4, Young’s inequality, and
(27), we get

4V2() | 1|V 2u(t) | 1 | V()| 2
5 3 3
< CIIV20 1 IV b(t)[| o | Vul| e | V20| 22
1
< —||IvUs 2,
< 51Vl
+ O Vut)||; [ V2() |22 VPu(t) ]| 2
1
< ;Onv%(t)n%z + C||Vu(t)]
< | Vu(®)| 22 1V3u) | 2 V2612
1 5
AR
+ C|[Vult)|| = (e + ©(1)) 0 (1) (34)
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and
10| V()| Lo V2 (E) | L2 VP B (2) | 12
< CVut)| e [V2o(t) ]| 321V o ()]
1
< %Ilv%(t)lliz + O Vu(t) 3= V2 (t)]|7 2
1
< %Ilv%(t)lliz + C||[Vu(t)| L~
< Va2 IV u(®)]|2. 1 V26() 132
1
< %Ilv%(t)lliz
+ O||Vu(t)|| L~ (e + O(1) 701 (). (35)
Combining (32), (33), (34), (35) yields

V3(A¢ - V) V3u dz

2o

S %llv%(ﬂllig + CIVOO) [ I VPult)|7:
+ C||Vu(t) || o (e + O(t)) @31 (1)
+ C|[Vu(t)|| (e + O(t)) 1901 (¢)
+ C||Vu = V4] 7.

(36)

Using integration by parts and Holder’s inequality, we
get

/ [Vi(u- Vo) —u-VV*| Vi do
R3

<15 Vu(t) || V412
+ 11| V()| L= V2o (1) |2 [ V() 2
VOO Lo IV3u) ] L2 VS (1) 2

+ 5 V2ul| 14| V20| 14| VO 2. 37)

As with the estimate of (36), we obtain

/ [Vi(u- V) —u-VVP| Vi dx
R3

3
< 55 IVP6DIZ: + VOO 7~ [ VPu(®)] 32
+ C|[Vu(t)|| L= (e + O(1)) 3 Coc 03 (1)
+ C|[Vu(t) || = (e + ©(1)) 101 (1)
+ [Vl [ V9] 3. (38)

Making use of integration by parts and Holder’s in-
equality, we have

] / VA(V[24) V4 da
R3

77

- \ / V3(V[26) V6 da
R3

< 7VOt) Lo VLo V3| L3 | VO | L2
+ 12[[V(t)| L= V2O () 1141V (t) | L2
+6(| V2o ()| s V2D () | L4 VD (8) | L2
+ 2Vl V8l L2 V79 L2 (39)

It follows from Lemma 2, Lemma 4, Young’s inequal-
ity, and (27) that

(O PN e P
< CIVOD) 1= V260121V (0) | 32195 0(0) o
1
< 55 IV2 00 + CIVO) [ V2602
1
< 55 IVS)3:
+ IV~ 7260l A1V ().
1 5 2
< 55 IV

+C|Vo(t) |3 (e + O(1) T°0T (1) (40)

12]V6(0) < [IV26(0) 3| V26 12

< CIVOD) |~ V200 £V (1)
1

< 55 IVl + CIVO@® - V2602
1 5 2

< 56 IVl |
+ CIVOM I3~ V260l A1V 00
1

< o IVPol2s

+C|IV(1)| 2 (e + O(F) TC01 (1), (41)

611V20(t) | L4 [ V2() || 14| V2 b (8) | 2
< CIV)| B V2SO 5 V(1) 7
< V2o (t)]| 2.1V b (1) 2
1
< 55 IV°00Iz: + OOl
1 5 2
< 55 IVPe()l:
+CVo(1) |2 V20(0) | 2 V46 (1)]
1
< 55 IVPe(0)l3:
+C|IV(1)| 2 (e + O(t) ¥ C0=03 (1)

5
1
L2

(42)

and
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2|Vl L= IVl 2V 2

1
< %Ilv%(t)llia + CIIVe)I 7V (1)1 72
43)

It follows from (39), (40), (41), (42), (43) that

L
R3

<

IVo[2$)V°¢ du

—~

IV2o(t)]|2

+ClIV(H) |1 (e +O(1)) T
+ C”V¢<t)||2Loo (e + @(t))%coeg (t)

+ CIVo(t) 7=V I (44)

For T, <t < T, collecting (31), (36), (38) and (44)
yields

| =

N

(t)

ool

d .
IV u®IZ: + IVI@IIZ) + VP e)]72

S O(IVu®) = + [Vol1=)(e +O(1), (45
provided that ¢ < 1/5C,. Integrating (45) with

respect to time from 7, to 7 and using Lemma 1, we
have

e+ [ V3u(r)|Z: + [IVie(7)]1Z-
< e+ [IV3u(T)Z: + IVie(T)II

+Co [ (IV6lE~ + 1+l

¢

IV x u(s)|lBmo
VIn(e + [V x u(s)|[Bmo)
x (e+©O(s))ds.

In(e + O(s))]

(46)
From (46) we get

e+ 0(t) < e+ |[V3u(TL)|2: + [|[VEO(T,) |2

t
+Co [ (Vo + 1+ ul

IV % u(s)llovo
VIn(e + [V x u(s)|[Bmo)
x In(e + O(7))](e + O(7)) dr.

For all T, < t < T, with help of Gronwall’s
inequality and (47), we have

e+ [[VPu®)]Z: + Vo). <C,  (48)

where C' depends on || Vu(T})|: + ||[VZ¢(Ty)||3-
Noting that (16) and the right-hand sides of (16)
and (48) are independent of ¢ for T, < t < T,
we know that u(T,-) € H3(R3 R?) and ¢(T,-) €
H*(R3,5?). Thus Theorem 1 is proved.

(47)
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